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INTRODUCTION  
 

o ensure the reliability and safety of critical structures, it is necessary to analyze their mechanical behavior not only 
under conditions of normal operation, but also under conditions of fracture processes at the macrolevel [1]. Various 
computational methods are used to analyze the processes of solid’s deformation and fracture. The most widely used 

approaches are: finite element method [2], extended finite element method [3, 4], extended virtual element method [5], 
peridynamics [6], finite element discretized symplectic method [7], meshfree method [8], etc. In addition, various models of 
materials’ mechanical behavior are used: linear elastic model [9] (in linear elastic fracture mechanics), continuum damage 
models [10], cohesive crack models [4], bridged crack models [11], etc. An approach, in which the change of finite elements’ 
(FE) stiffness properties is implemented when the failure criterion is fulfilled, is widely used during numerical modeling of 
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fracture processes [[12]–[14]]. The advantages of this approach are: a simplicity of using, an absence of necessity in the mesh 
rebuilding after each act of destruction, a possibility of implementing complex stiffness reduction schemes to take into 
account various mechanisms of structural damage (for example, delamination [13] or fibers fracture [12, 14]). However, this 
approach requires consideration of several aspects.  
Firstly, since the reduction of FE’s stiffness after the failure criterion implementation leads to a change in the stress-strain 
state, the fracture process should be carried out under constant boundary conditions until a stable state is obtained. 
Therefore, it is necessary to recalculate the stress-strain state after each FE’s deactivation by additional iterative procedures 
included into programs of the fracture processes numerical modeling. Researchers use various criteria to define the end of 
the iterative procedures. For example, Zheng et al. [12] used the criterion of the total increment exceeding the tangent 
constitutive tensors of fiber yarns and matrix, Yun et al. [15] considered the convergence criterion for the stress-strain state, 
Feklistova et al. [16, 17] applied the convergence criterion for fulfilling the strength criterion in all FEs. Secondly, the number 
of elements destroyed per iteration can affect the numerical results, which was demonstrated by Wildemann et al. [17]. 
Thirdly, the accuracy of the results of the fracture processes modeling is influenced by the size of the loading step. On the 
one hand, the using of a constant step value is simpler and requires less computational costs in some cases. On the other 
hand, the loading step value, which is automatically selected basing on the results of the boundary value problem’s solution 
at the previous step, allows to describe the damaging process much more accurately. The effectiveness of the automatic step 
using in the fracture processes modeling was demonstrated by Ilinykh et al. [18, 19]. Finally, the results of the numerical 
modeling of the fracture process are significantly affected by the computational domain’s discretization, which was shown 
by Prince et al. [4], Zhou et al. [20], Lopes et al. [21], and many other authors. In the boundary value problems of the 
elasticity theory, an increase in the number of degrees of freedom leads to an improved convergence. On the contrary, in 
the fracture processes modeling the FE’s size reduction may significantly change the results. Prince et al. [4], Lopes et al. 
[21] carried out the choice of the rational FE’s size by comparing the results of the numerical modeling with the experimental 
data. All the above aspects have been considered in paper [17]. It was demonstrated that to simulate the deformation and 
fracture processes of the elastic-brittle bodies, it is necessary to use the iterative procedure for recalculating the stress-strain 
state at the current loading step until the stable state is achieved; to deactivate only one (the most overloaded) FE per 
iteration; to select the loading step value automatically; to use the FE’s size obtained by the comparing the experimental 
results with the numerical data, since this approach allows to determine the physically justified FE’s size. 
The results of the fracture processes modeling are also significantly affected by the inhomogeneity of the structural elements’ 
mechanical properties distribution over the body volume [[12], 16, [22]–[24]]. Zheng et al. [12] performed the multiscale 
modeling of 3D woven composites assuming that the fibers’ strength follows the two-parameter Weibull distribution. It 
was noted that the large value of the strength distribution dispersion advances the occurrence of fiber breakage, leading to 
an earlier damage development. Hai et al. [22] modeled the destruction of concrete, the tensile strength fields were generated 
using Gaussian, lognormal, Gamma, Gumbel, and Weibull distributions. It was noted that the variability of the peak force 
increased significantly if the correlation length was enlarged. Chen et al. [23] developed an extended two-scale random field 
model for the stochastic response analysis of concrete structures. Probabilistic characteristics of the compressive and tensile 
strength fields were generated using the lognormal distribution. The authors noted that the larger correlation length had 
smaller peak values and broader distribution ranges. If the spatial variability was not taken into account in stochastic 
response analysis, the tail of the probability distribution for the shear wall responses would be misestimated, resulting in a 
misleading structural reliability assessment. Liu et al. [24] studied the behavior of the concrete, represented as an assembly 
of parallel meso-springs. The stress-strain relationship of the meso-springs followed the elastic-brittle assumption, the 
material properties were assumed to be random. Consideration of the inhomogeneity of the mechanical properties’ 
distribution is especially important in the study of the fracture processes of the bodies with the stress concentrators. In the 
previous study [16] the authors of the work demonstrated that the variation of the structural elements’ strength properties 
affects the structure’s macro-level behavior, the load-bearing capacity of the body, and the kinetics of damage accumulation 
process. Nevertheless, it is important to carry out a more detailed study of the influence of various parameters of the 
mechanical properties’ probability distribution on the results of the fracture processes modeling. Moreover, since the 
numerical modeling of these processes requires high computational costs, development of the methods that qualitatively 
allow to predict the bodies’ fracture processes basing on the results of the boundary value problem’s solution within the 
elasticity theory, has a great promise. 
In this work, a numerical study of the fracture processes of the elastic-brittle bodies with randomly distributed structural 
elements’ strength properties is carried out. In the section “Methodology” main findings and limitations of the previous 
study [16] are discussed, and the methodology of this work is described. In the section “Boundary value problem and its 
solution algorithm” the formulation of the boundary value problem is given, the algorithm for its numerical solution is 
considered, and the problem of the deformation of the plate with a stress concentrator is formulated. The section “Results” 
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represents the fracture processes patterns obtained by the numerical modeling. The in-depth analysis of the results is 
provided in the section “Discussion”. In the section “Conclusions” the main conclusions of the work are given and 
directions for further research are outlined. 
 
 
METHODOLOGY 
 

reviously, the authors in work [16] carried out the numerical study of the destruction processes of bodies with stress 
concentrators, taking into account the probability distribution of the strength properties of the structural elements. 
The following assumptions were taken:  

 The material was elastic-brittle, there was no plastic deformation in the body, viscoelastic behavior and contact 
interaction (for example, friction) between the damaged zones. 
 One FE corresponded to one subregion, within which the properties were homogeneous.  
 Despite the distribution of the strength properties, the elastic characteristics were similar for all subregions. 
During computational experiments, the following data was obtained: 
 External load values for various values of the body’s boundary displacement. Using these points, the loading diagrams 
were constructed and analyzed, reflecting the macro-level behavior of the solid. 
 The number of the FEs deactivated per iteration of the algorithm. Based on these data, the dependences of the relative 
number of the deactivated elements on the body’s boundary displacement were plotted.  
 Number of the element being deactivated on current iteration. This data allowed to restore damaged zones in the body 
without maintaining the stress-strain state in all FEs. Using these results, the images of the body were obtained, reflecting 
the evolution of damaged zones (i.e. the process kinetics could be studied).  
The main findings of previous research were: 
 The fracture process consideration allows identifying the additional load bearing capacity. 
 The postcritical deformation stage implements if the dispersion of the probability distribution of FEs’ ultimate strength 
is large (characterized by the parameter α). 
 The maximum load value depends nonmonotonically on α, the maximum is achieved at α=0.6. 
 The distribution range increase leads to a significant growth in the number of the deactivated FEs. 
 The basic mechanisms of the damage accumulation are: the elements destruction in the stress concentration zone leading 
to the macro-defect growth; the elements fracture near the macro-defect; the elements destruction far from the stress 
concentrator. 
 The concentrator’s depth decrease leads to the change in the damage accumulation kinetics and the maximum load 
dependence on the parameter α. 
 The hypothesis was put forward on existence of the critical α parameter value, upon reaching which the stress 
concentrator stops influencing the fracture process. 
However, the previous work had some disadvantages and limitations: 
 The model material with the Young's modulus E=210 GPa and Poisson's ratio ν=0.3 was considered. Despite the fact 
that this is a model material, the potential possibility of the experimental verification of the obtained results is of interest. 
In this regard, it is relevant to use in the work a model material with properties corresponding to a real material, which 
behaves as the elastic-brittle one. 
 Only the uniform distribution was considered. Moreover, the dispersion of the mechanical properties was specified using 
the artificially introduced parameter α. Since it is of interest to compare the results obtained using various probability 
distribution laws, this parameter should be replaced with a standard one (for example, variance, standard deviation, etc.).  
 The characteristic types of the damage accumulation process were mentioned. However, these types were not sufficiently 
disclosed and a clear connection was not made between the fracture type and the load-bearing capacity of the body. 
 The areas of the application of the obtained results were not sufficiently disclosed. 
While maintaining the basic assumptions and the types of the data obtained during numerical modeling, in order to correct 
the identified disadvantages and limitations, in this work more attention is paid to the influence of the both the probability 
distribution law and the dispersion of the ultimate strength properties on the fracture processes of the body with the stress 
concentrator. A more detailed analysis of the macro level behavior and the kinetics of the damaging process is carried out; 
the main types of the damage accumulation are thoroughly described. In addition, since the fracture processes modeling 
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requires significant computational costs, the possibility of predicting the kinetics of the fracture process based on the results 
of the solutions of the boundary value problems of the elasticity theory is additionally tested. 
 
 
BOUNDARY VALUE PROBLEM AND ITS SOLUTION ALGORITHM 
 
Mathematical formulation 

he solid is represented as a set of N subregions, whose material is homogeneous and isotropic; the elastic properties 
are equal for all the subregions. In order to take into account the inhomogeneity of subregions’ ultimate strength, 
the indicator function can be used: 
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Here r  is the radius vector; χ(m) is the indicator function, characterizing the point location in the subregion indexed (m) with 
the volume Vm; V is the entire body volume; σB is the piecewise-constant function that specifies the ultimate strength values 
distribution over the solid.  
As the fracture process is considered, the process parameter t (a conditional analogue of time) must be introduced into the 
problem to take into account the history of the damaging process. Thus, any stress, strain or displacement component 
should depend not only on the coordinates, but the process parameter too. 
Since each subregion is elastic-brittle, the assumption is made that the destruction of subregion occurs when the maximum 
value of the first principal stress σ1 in the subregion’s volume reaches the ultimate strength value. Nevertheless, each 
subregion has its own value of ultimate strength, so it is more convenient to introduce into the problem the relative 
parameter, indicating the failure risk in various subregions of the solid. Therefore, the overload factor K is considered: 
 

   
 





B

r t
K r t

r
1 ,

,           (2) 

 
The value of K exceeding 1 indicates that subregion should be destructed. 
The material is elastic-brittle, so the constitutive law can be represented using generalized Hooke’s law, including the integrity 
parameter, that defines the implementation of the failure criterion in the subregions: 
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Here σij is the stress tensor; εij is the Lagrangian strain tensor; Cijkl is the elastic constants tensor; λ(m) is the integrity parameter 
of the subregion (m); λ is a piecewise-constant function, reflecting the integrity parameters’ distribution over the solid.  
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To finish the boundary value problem formulation, the equations of equilibrium (no mass forces are considered) and the 
strain-displacement equations (since the strains in the destructed subregions can be large, the Lagrangian strain tensor is 
preferrable) are applied: 
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Here ui is the displacement vector. The problem is supplemented by the displacement boundary conditions and the traction 
boundary conditions: 
 

   

     





 




u
i i

ij j is

u r t u r t

r t n r S r t

0

0

, ,

, ,
         (5) 

 
Here ui0 is the displacement vector applied to the boundary Γu; Si0 is the stress vector applied to the boundary ΓS; nj is the 
unit normal vector to the boundary ΓS. The Eqns. (1)–(5) form the boundary value problem of deformation and fracture of 
the solid body. 
 
Solution algorithm 
The boundary value problem (1)–(5) can be solved numerically with the finite element method; each finite element (FE) 
represents one subregion. The solution algorithm is: 
1) Designing and meshing of the body, generating of the ultimate strength values of FE, entering of the material properties; 
2) Creating of the boundary conditions (Eq. (2)), ui0 and Si0 values should be small to prevent the failure criterion fulfillment 
at the first step; 
3) Calculating of the stress-strain state; 
4) Calculating of the external load value (ELV). If its value is less than the critical value (labelled as Pcrit), the fracture modeling 
process ends (except for the first step); 
5) Calculating of the field of the overload coefficient (K), defining of its maximum value (labelled as Kmax); 
6) If Kmax≥1, then deactivating (failure) of the most overloaded FE and going to the step 3, else going to the step 7; 
7) Magnifying of the boundary conditions 1/Kmax times, going to the step 3. 
The flow chart of the algorithm is presented in Fig. 1. The expediency of the proposed algorithm was proved in [[16], [17]]. 
As the result of the boundary value problem solution, the loading diagrams and the damage accumulation kinetics data are 
obtained.  
 

 
 
 

 

Figure 1: The flow chart of the boundary value problem solution algorithm 
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The abode algorithm is implemented in the Ansys Parametric Design Language (APDL). The FE’s deactivating is carried 
out using the ANSYS built-in procedure “death of finite element”, leading to the rigidity properties decrease by 106 times. 
 
Model setup 
In order to investigate the influence of the parameters of the statistical distribution of the strength properties on the elastic-
brittle bodies fracture processes, the problem of kinematic static loading of a plate (100 mm wide, 20 mm height and 1 mm 
thick, plane stress state) with the stress concentrator in the shape of the half ellipse (minor semiaxis 1 mm and major semiaxis 
4 mm) is considered. The body’s geometry is shown in the Fig. 2. 
 

 
 
 

 

Figure 2: The geometry of the solid with the stress concentrator and the boundary conditions. 
 
The boundary conditions are: 
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Here Γ1, Γ2 are the top and bottom boundaries of the body; Γ3, Γ4 are the left and right boundaries of the body, point A 
(p.A) is the lower left corner of the body, u0 is the displacement of the top boundary (Fig. 2). 
In order to investigate the patterns of the fracture processes of the elastic-brittle bodies taking into account the FEs strength 
values distribution, a model material with Young’s modulus E=3 GPa and Poisson’s ratio ν=0.36 (these properties 
correspond to the properties of the acrylic glass [25]) is considered. The ultimate strength values of finite elements were 
distributed using uniform distribution and 2-parameter Weibull distribution, in all the generations mean value σBm was equal 
to 40 MPa. To characterize the variance of the FEs ultimate strength distribution, the parameter σ is introduced, defined as 
the ratio between the distribution’s standard deviation and σBm (i.e., the parameter σ is the relative value of the standard 
deviation). The maximum value of σ, that do not lead to the occurrence of negative values of the ultimate strength, is 
σlim≈0.577. Thereby, in this investigation the values of parameter σ varied in the range from 0.0 to 0.9σlim with the step size 
equal to 0.1σlim (i.e., in the range from 0.0 to 0.520). The parameters of the uniform distribution and the Weibull distribution 
were calculated numerically to correspond chosen values of σBm and σ. The examples of cumulative distribution functions 
for various values of σ are shown in Fig. 3. For each value of σ, five various sets of FEs ultimate strength values were 
generated. 
In order to discretize the body, the PLANE182 element with the linear displacements field approximation is used, the mesh 
is generated automatically in ANSYS. Solving the convergence problem demonstrated that it is sufficient to use the FE with 
the characteristic linear size of Lel =0.164 mm (defined as the square root of the ratio of the body area to the number of 
FEs), which corresponds to the number of elements N=77104. The critical value of external load Pcrit is selected equal to 
0.1 kN to prevent the extreme increase in the displacement u0 if the σ value is large. For a more detailed damaging process 
consideration, the parameter ω is introduced, defining the relative number of deactivated elements as follows: 
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  deactN

N
           (7) 

 
where Ndeact is the number of deactivated FEs.  
 

  
  

a            b 
 

Figure 3: The cumulative distribution functions for the uniform distribution and for the 2-parameter Weibull distribution, σ=0.173 (a) 
and σ=0.404 (b). 
 
Numerical experiments were carried out using the high-performance computing complex of the Center for Collective Use 
“Center of High-Performance Computing Systems” of the Perm National Research Polytechnic University. The results of 
the fracture process modeling are presented below. 
 
 
RESULTS 
 

or a better representation of the obtained results, this section is divided into subsections “Influence of the parameters 
of the strength properties’ distribution on the loading diagrams and load bearing capacity”, “Influence of the 
parameters of the strength properties’ distribution on the kinetics of the damaging process”, and “Approach for 

predicting the kinetics of the fracture process based on the analysis of the boundary value problem’s solution within the 
elasticity theory”. 
 
Influence of the parameters of the strength properties’ distribution on the loading diagrams and load bearing capacity 
Fig. 4 shows typical loading diagrams, obtained during fracture processes’ modeling by using the uniform law and the 
Weibull law of structural elements’ strength distribution, as well as the corresponding diagrams of growth of the deactivated 
elements’ relative number. Since the high values of the dispersion of ultimate strength distribution with the use of the 
Weibull distribution law has led to a significant increase in the number of required iterations and in the computational costs, 
the range of values of the parameter σ has been reduced to the maximum value of 0.404. The vertical sections of the loading 
drop correspond to an unstable fracture process, while the ascending sections correspond to the stable states in which the 
finite elements’ fracture does not occur. The results demonstrate that with the growth of the standard deviation’s value a 
non-monotonic change in the maximum load withstood by the body occurs. The loading diagrams gradually become 
smoother (especially at values σ>0.46 for the uniform distribution and σ>0.28 for the Weibull distribution), nonlinear 
behavior is realized at the macro level, and at σ=0.520 the realization of an extended postcritical stage of body deformation 
is observed [1]. The growth of σ leads to the realization of a larger number of stable states, observed as the number of 
deactivated elements increases, which is confirmed by the increase in the number of vertical sections on the graphs of 
growth of the deactivated FEs’ relative number, which also gradually become smoother. Significant differences between the 
results obtained using various distribution laws are also discovered in the plots of the deactivated FEs’ relative number. 
While they have a pronounced linear section at σ>0.46 at the uniform distribution, then, with the use of the Weibull 
distribution law, the growth of the parameter ω is non-linear and begins to appear at small values of the standard deviation 
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of the FEs’ ultimate strength distribution. The discovered differences are explained by the presence of FEs with small values 
of ultimate strength at any values of dispersion in the case of using the Weibull distribution law. A more stable fracture 
process and the realization of a greater number of stable states are also observed. 
 
 

  
   

a 

  
   

b 
 

Figure 4: The calculated loading diagrams (left side) and the corresponding diagrams of growth of the deactivated elements’ relative 
number (right side) for the various values of σ: uniform distribution (a); Weibull distribution (b). The diagram labelling with “*” means 
that the ω value is multiplied by 10 for better visibility. 
 
 
The influence of the standard deviation value on the maximum load withstood by the body and the maximum value of the 
deactivated elements’ relative number has been studied in detail. The obtained dependencies are shown in Fig. 5, with the 
dashed line connecting the mean values of the parameters for five realizations and with the standard deviations indicated by 
the segments. The results show that for both distribution laws with the growth of the parameter σ in the range from 0.0 to 
0.24, there is a gradual increase in the load-bearing capacity of the body with the concentrator. For the uniform distribution, 
at the values of the parameter σ in the range from 0.28 to 0.41 the bearing capacity of the body reaches its maximum. For 
the Weibull distribution, a shift of the maximum point of the body’s bearing capacity to the left (σ=0.289) is observed. 
Further increase in the parameter σ led to a significant drop in the maximum load withstood by the body, moreover, the 
standard deviation of this value decreased significantly. The number of deactivated elements changes only slightly at σ<0.18 
for both distribution laws. However, with further growth of σ, a significant increase (exceeding 10% at σ=0.520 for the 
uniform distribution) in the number of deactivated FEs is observed. It is of interest to explain these effects in terms of the 
fracture process kinetics.  
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a            b 
 

Figure 5: The dependencies of the maximum load value (a) and the maximum ω value (b) on σ . 
 
 

 
a 

 
b 

    

 

Figure 6: The images of the body with various σ at ω=0.006: uniform distribution (a); Weibull distribution (b) 
 
Influence of the parameters of the strength properties’ distribution on the kinetics of the damaging process 
To determine the possible types of damage accumulation in the body, the fracture processes kinetics for the different values 
of the standard deviation of the finite elements’ strength distribution has been analyzed. Fig. 6 shows images of the body 
(with the field of the first principal stress) for different values of σ at equal ω values of 0.006. The results show that at σ≤0.24 
for the uniform distribution and σ≤0.12 for the Weibull distribution the macrodefect is formed as a crack with thickness of 
1-2 FEs. At 0.28≤σ≤0.41 for the uniform distribution and 0.17<σ<0.29 for the Weibull distribution, which corresponds to 
the maximum load-bearing capacity, individual deactivated FEs are observed, located close to the microdefect, but not being 
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part of it. This peculiarity is explained by the presence of FEs with a small value of ultimate strength (hereinafter we will 
refer to them as ‘weak’ FEs) in the area of stress concentration. With further increase of dispersion of the FEs’ ultimate 
strength (σ>0.46 for the uniform distribution and σ>0.34 for the Weibull distribution law), the processes of damage 
accumulation in the structure occur throughout the whole volume of the body, including the area far from the stress 
concentrator, and groups of defects with a small number of deactivated FEs are formed. This pattern can be explained by 
the presence of ‘weak’ FEs with extremely low ultimate strength.  
 

 
  

a        b 

 
c        d 

 
e 
 

Figure 7: The calculated loading diagram (left side) and the evolution of damaged zones (right side): uniform distribution, σ=0.173 (a), 
Weibull distribution, σ=0.173 (b), uniform distribution, σ=0.346 (c), Weibull distribution, σ=0.346 (d), uniform distribution, σ=0.520 (e) 
 
For a deeper understanding of the fracture process kinetics, the evolution of damaged zones in the body has been 
additionally analyzed. Fig. 7 shows some loading diagrams and images of the body (with the fields of the first principal 
stress), corresponding to the states indicated in the loading diagrams. At σ=0.173, almost no damage accumulation occurs 
until the maximum load is reached for both distribution laws, the macrodefect grows from the initial stress concentrator, 
the fracture of each next FE occurs at the tip of the propagated crack. The presence of stable states is explained, on the one 
hand, by the peculiarities of the mesh generation, on the other hand, by the presence of FE with a high value of ultimate 
strength (hereinafter we will refer to them as ‘strong’ FEs) on the crack propagation path, as for the fracture of strong FE 
the external load must be increased. At σ=0.346, sufficiently developed fractures are observed even before the maximum 
load is reached. The increase in the dispersion of the distribution of the structural elements’ strength properties led to the 
appearance of ‘weak’ FEs in the area of stress concentration near the crack tip, which promotes fracturing of FE, located 
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near the macrodefect, but separated from it. However, the using of the Weibull distribution led to the fracture of several 
FEs in the body’s volume, far from the microdefect. This pattern is explained by the appearance of many FEs with extremely 
low values of the ultimate strength. At σ=0.520, predominantly dispersed accumulation of structural damage is observed 
both near the stress concentrator and in the body volume. Consequently, the growth of dispersion of the structural elements’ 
strength properties leads to weakening of stress concentrator influence. The maximum load in the body is reached when 
the structure is significantly damaged, with the higher number of FEs fractured before the maximum load is reached than 
afterwards. A macrodefect, which leads to the loss of the load-bearing capacity, propagates by combining small damaged 
regions. 
 
Approach for predicting the kinetics of the fracture process based on the analysis of the boundary value problem’s solution within the 
elasticity theory 
In order to predict the fracture process kinetics, it is of interest to study the material state in the zone with increased stresses 
occurring near the concentrator. For the considered body this zone was selected in the following way: the first principal 
stress field σ1 was calculated from the results of the boundary value problem solution within the elasticity theory, and the 
value of this stress was determined in the finite element, the most distant from the concentrator, lying on the symmetry axis 
of the body (the obtained value is denoted as σ1far). After that, the finite elements with σ1 values exceeding σ1far by more than 
3.5% were selected (thus, a single region of increased stresses was obtained instead of a set of several regions). A detailed 
analysis of the obtained stress concentration zones will be given below. 
For a small displacement of the body’s boundary, solutions of boundary value problems within the elasticity theory are 
obtained for those sets of finite elements’ ultimate strength values that were previously used in the fracture processes 
modeling. Calculation of the fields of overload coefficients K by Eqn. (2) has been carried out. Examples of the overload 
coefficient fields for different values of the standard deviation of the finite elements’ ultimate strength are shown in Fig. 8 
(left side). It should be noted that two factors influence the type of the resulting fields: the distribution of finite elements’ 
ultimate strength and the inhomogeneity of the stress field due to the presence of the concentrator. The results show that 
as the value of the parameter σ increases, the dispersion of the overload coefficients distribution increases. In addition, when 
σ grows to 0.404, an increase in the maximum value of K is observed, which is explained by the presence of ‘weak’ elements 
in the stress concentration zone. Those FEs will be referred to overloaded, in which the value of K exceeds 50% of the 
maximum overload coefficient value in the body (Kmax), and those FE’s will be refereed to underloaded, in which the value 
of K is less than 15% of Kmax. Fig. 8 (right side) shows images, reflecting the distribution of overloaded and underloaded 
FEs (marked in red and blue, respectively) in the stress concentration zone. On the basis of the analysis of these images, a 
number of patterns are identified. Firstly, at σ<0.24 for the uniform distribution and at σ<0.12 for the Weibull distribution, 
the number of overloaded FEs in the stress concentration zone almost does not change. Meanwhile, at σ=0.289 a sharp 
jump in this number is observed for the uniform distribution. On the one hand, this phenomenon can be explained by the 
absence of FEs in the concentrator at low values of σ, when FEs have such a high ultimate strength that the overload 
coefficient is small even under condition of stress concentration. On the other hand, at higher value of σ, the occurrence of 
FEs with low values of ultimate strength takes place, as FEs ensure high values of overload coefficients. Secondly, the 
growth of the standard deviation of the FEs strength values distribution leads to an almost monotonic increase in the 
number of underloaded elements, which is explained by the appearance of FEs with increased strength values, and by an 
increase in the maximum value of the overload coefficient. Moreover, for the Weibull distribution, no overloaded FEs are 
observed in the stress concentration zone. Thirdly, at σ<0.24 for the uniform distribution and at σ<0.12 for the Weibull 
distribution, the overloaded elements are concentrated in a small region near the stress concentrator, while at higher values 
of σ there is a gradual dispersion of such FEs over the body volume. This is explained by the appearance of FEs with such 
low values of the ultimate strength that they can become overloaded even outside the stress concentration zone. At the 
same time, elements, with such high ultimate strength that the value of the overload coefficient will be small, may appear 
near the stress concentrator. 
It is of interest to introduce quantitative parameters, reflecting the identified patterns. For this purpose, firstly, the number 
of overloaded FEs in the whole volume of the body (we denote this value as η) should be considered. Secondly, to reflect 
the degree of overloaded FEs dispersion over the body’s volume, the value of the average distance from the tip of the stress 
concentrator to the centers of these FEs in the whole volume of the body (we denote this value as λ) should be taken into 
consideration. The dependencies of the parameters λ and η, as well as their standard deviations σλ and ση (calculated from 
five generations of the FE ultimate strengths), on the value of the parameter σ are shown in Fig. 9 (the values for σ=0.520 
are not shown in the figures because they are extremely high, as well as their values of standard deviations). The results 
demonstrate that for the both distribution laws the constructed dependencies are non-monotonic, and their type at σ<0.41 
qualitatively corresponds to the dependence of the maximum bearing capacity on σ (Fig. 5).  
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Figure 8: The overload coefficient fields in the stress concentration zone (left side) and images, reflecting the distribution of overloaded 
(marked as red) and underloaded (marked as blue) FEs (right side) for the various values of σ: uniform distribution (a), Weibull 
distribution (b) 
 
For the uniform distribution, at σ<0.24 the values of the parameters λ and η change slightly, their standard deviations are 
low. This range corresponds to the macrodefect growth in the form of a single crack and to the increase in the load bearing 
capacity, which is explained by the occurrence of the ‘strong’ FEs on the crack path. The first significant increase in the 
values of the parameters λ and η and their standard deviations occurs when σ=0.289 is reached, which corresponds to the 
range where the body has its maximum bearing capacity and multiple FEs’ deactivation occurs in the stress concentration 
zone during the damaging process. When σ=0.462 is reached, there is an increase in the average distance from the tip of the 
concentrator to the most overloaded elements, while their number begins to decrease, which is explained by the occurrence 
of the ‘weak’ FEs with very low ultimate strength value. This range also corresponds to the drop in the bearing capacity of 
the body.  
For the Weibull distribution, at σ<0.12 the value of the parameter λ is low, its value is comparable to the value, obtained by 
using the uniform distribution law. The number of the overloaded elements η is also low, and with an increase of σ, there is 
only a small growth in the standard deviation ση, associated with an increase in the probability of ‘weak’ FEs occurrence. 
After reaching the value σ=0.173, a sharp increase in the values of the parameters λ and η, as well as their standard deviations 
σλ and ση, is observed, which is explained by the appearance of the FEs with a very low ultimate strength value and a high 
overload coefficient for some generations. Increase in the value of the parameter σ in the range from 0.17 to 0.29 leads to 
growth in the average distance to overloaded FEs and to a decrease in the number of overloaded Fes. In this range, multiple 
FEs’ deactivation occurs in the stress concentration zone during the damaging process. It should be noted that the maximum 
load-bearing capacity of the body is achieved in this range, at high values of λ, but at low values of the parameter η, 
corresponding to the values, obtained at small dispersions of the strength properties distribution. The FEs deactivation in 
the body volume far from the stress concentrator begins to appear at σ>0.34, in this range the minimum of the function 
η(σ) and the maximum of the function λ(σ) are reached, which is associated with a high probability of FEs occurrence with 
a very low value of the ultimate strength in an arbitrary point of the body. 
It follows from the above that the change in the kinetics of the damage accumulation process can indeed be predicted on 
the basis of analyzing the dependencies λ(σ) and η(σ) obtained from the solutions of boundary value problems within the 
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elasticity theory. In addition, it should be noted that for the correct identification of the damage accumulation kinetics it is 
desirable to use the dependencies λ(σ) and η(σ) not separately, but together, in order to obtain the most reliable prediction. 
 

 
 a 

 
b 

 

Figure 9: The dependencies of the average distance from the tip of the stress concentrator to the centers of overloaded FEs λ (left side) 
and the number of overloaded FEs η (right side) on σ: uniform distribution (a), Weibull distribution (b) 
 
 
DISCUSSION 
 

ased on the results, it can be concluded that the change in the parameters of the probability distribution of the FEs’ 
ultimate strength values significantly influences the fracture process of the body with the stress concentrator. 
However, the distribution law does not qualitatively change the macrolevel behavior and the damaging process 

kinetics. It is noted that the usage of 2-parameter Weibull distribution leads to the occurrence of the FEs with the extremely 
low value of the ultimate strength. On the one hand, it can be used to model pores in the structure of the material and to 
study their influence on the fracture process. On the other hand, it may significantly affect the results, especially the 
damaging process kinetics. Thus, the usage of 3-parameter Weibull distribution might be more appropriate.  
The analysis of the fracture process kinetics demonstrates that for an elastic-brittle body three types of damage accumulation 
process are characteristic (schematically presented in Fig. 10), depending on the standard deviation of the distribution of 
the structural elements’ strength properties. Firstly, it is a localized type of damage accumulation with macrodefect growth 
during FE’s fracture at the tip of the propagated crack. This type is characterized by a small number of stable states and a 
small number of deactivated FEs before the maximum load is reached. Localized damage accumulation occurs at σ<0.24 
for the uniform distribution and at σ<0.12 for the Weibull distribution. The growth of the body’s bearing capacity with 
increasing σ in this range is explained by the appearance of ‘strong’ FEs on the path of macrodefect growth and the need to 
increase the external load to fracture them. Secondly, it is a dispersed damage accumulation in the whole volume of the 
body. This type is characterized by the implementation of pseudo-ductile behavior at the macrolevel, by a significant number 
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of stable states and a large number of deactivated FEs before the maximum load is reached. Dispersed damage accumulation 
occurs at σ>0.46 for the uniform distribution and at σ>0.34 for the Weibull distribution. Low load-bearing capacity is 
associated with an increase in the proportion of deactivated FEs in the cross-section of the body due to the developed 
damaged structure. Thirdly, it is a mixed type, in which the most ‘weak’ FEs are firstly destroyed in the area of stress 
concentration at the tip of the macrodefect, then the macrodefect develops by sprouting through the resulting local 
weakened area. In this case, the first type is hindered by the presence of ‘strong’ FEs on the macrodefect growth path, and 
the second type is hindered by the absence of ‘weak’ FEs in the body volume. This type is characterized by the gradual 
development of a macrodefect from the initial stress concentrator and by the average number of stable states. The mixed 
type of damaging process occurs at 0.28<σ<0.41 for the uniform distribution and at 0.17<σ<0.29 for the Weibull 
distribution. The maximum load-bearing capacity of the body is realized exactly in this range of σ values, as it is required to 
achieve a high external load sufficient to form a weakened local area that will not prevent further propagation of the 
macrodefect. 
 

   
   

a    b    c 
 

Figure 10: Characteristic types of damage accumulation: localized type (a); dispersed damage accumulation (b); mixed type (c) (black 
color illustrates initial macrodefect; red color illustrates deactivated FEs) 
 
Thus, the study has allowed to reveal characteristic types of the damaging process kinetics of the elastic-brittle body with 
the stress concentrator. Moreover, these types reflect the macrolevel behavior of the solid and its load bearing capacity. 
Nevertheless, it should be noted that the ranges of the parameter σ, corresponding to the realization of the indicated types 
of the damage accumulation process, depend on the strength properties’ distribution law and may depend on the FE’s size, 
the body discretization method, and the geometry of the stress concentrator. Therefore, further research should be provided 
in order to clarify these dependencies. 
The modeling of the fracture processes takes significant computational costs, especially if the dispersion of the FEs’ strength 
properties is high. So, the approach for prediction of the fracture processes kinetics based on the results of boundary value 
problems’ solutions within the elasticity theory has been proposed. The introduced parameters λ and η and their 
dependencies on the parameter σ allow to determine the realization of different types of damage accumulation without direct 
modeling of fracture processes, which extremely reduces the computational costs. The identified damaging process kinetics 
may allow to define the conditions of the realization of the maximum load bearing capacity. It is worth noting that the 
described approach requires a detailed analysis of many methodological aspects. In particular, it is the determination of 
threshold values of overload coefficients, by which overloaded and underloaded finite elements can be determined. The 
disadvantage of this approach is that the analysis of the results must take into account the distribution law. In this work, 
only five sets of FEs’ ultimate strength were used to obtain dependencies λ(σ) and η(σ), so further modeling should be carried 
out to clarify the results. Nevertheless, the applicability of this approach to predict the damaging process kinetics for the 
solids with other stress concentrator geometries and FEs’ sizes seems to be practical. 
Thus, following the methodology developed by Feklistova et al. [16], this study has expanded the understanding of the 
damaging process kinetics. The disadvantages of the previous work, connected with the usage of the model material without 
any possibility of the experimental verification of the results, have been taken into account. The experimental investigation 
of the fracture processes of the specimens made of acrylic glass is planned to verify the results obtained in this study. 
Moreover, this investigation will help to create the numerical and experimental methods to define the material parameters 
(such as a characteristic damage zone size and a characteristic variance of the structural elements’ strength properties) 
reflecting the fracture behavior. Proposed methodology can be successfully applied to describe the patterns of the fracture 
processes of the structures made of materials in which the probability distribution of the mechanical properties of the 
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structural elements takes place, for example, rocks, ceramics, additively manufactured metallic materials, fiber reinforced 
polymer composites, etc. 
 
 
CONCLUSIONS 
 

n this paper the influence of the parameters of probability distribution of the structural elements’ ultimate strength on 
the fracture processes of the deformable bodies has been studied. The main results of the study are: 
 The influence of the standard deviation of the ultimate strength distribution on the type of loading diagrams of a 

body with a stress concentrator has been considered in detail. The non-monotonicity of the dependence of the body’s 
bearing capacity on the value of the dispersion of the ultimate strength distribution has been found. The fracture process 
kinetics has been investigated, and three types of damage accumulation has been found: localized, dispersed and mixed. 
 The influence of the ultimate strength distribution law on the macro-level behavior of the body, as well as on the fracture 
process kinetics, has been studied. It is noted that the change in the distribution law does not lead to a change in the types 
of damage accumulation, but causes a change in the σ ranges, in which these types are realized. 
 An approach, allowing to predict the realizable type of damage accumulation based on the results of analysis of boundary 
value problems’ numerical solutions within the elasticity theory, has been developed. It has been proposed to consider 
inhomogeneous fields of overload coefficients with the calculation of two parameters: the average distance from the tip of 
the stress concentrator to the overloaded finite elements and the number of these finite elements. The analysis of non-
monotonic dependencies of these parameters on the value of the standard deviation of the FEs ultimate strength distribution 
makes it possible to establish the type of damage accumulation. The feasibility of the developed approach has been 
demonstrated. 
Further research will be directed to the detailed analysis of the influence of body’s geometry and finite elements’ mesh size 
on the fracture processes of the bodies with stress concentrators, as well as to the study of the applicability of the developed 
approach for predicting the fracture process kinetics. 
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