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INTRODUCTION  
 

esidual stress significantly impacts the mechanical performance of structural materials, including plastic 
deformation, surface integrity crack initiation, and ultimate strength. For instance, the presence of tensile residual 
stress can reduce the material performance and component life, whereas residual compressive stress may enhance 

material fatigue strength. Despite being “hidden” in the absence of external loads, residual stresses play a crucial role in the 
R 
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material deformation behavior [1]. They are inherent in most manufacturing processes, including plastic deformation, 
welding, heat treatment, machining, and 3D printing. These processes alter the shape and affect the mechanical properties 
of materials. However, in many cases, it is difficult to pinpoint the source of the residual stresses and accurately track their 
evolution. This poses challenges for reliable computer modeling of the mechanical response in numerical simulations. 
Thermo-mechanical deformation modelling requires the knowledge of a significant number of unknown parameters. 
Unknown residual stresses, alongside micro-structural modification, pose a significant obstacle to using advanced welded 
structures in diverse industrial sectors. The incorporation of predictive residual stress analysis into design requires high-
fidelity experimental data to obtain reliable service life prognosis. This necessity is particularly significant in the aerospace, 
nuclear, and other critical industries [1,2]. 
The nature and origins of numerous experimental and theoretical challenges that exist in measuring residual stress are well 
described in references [3-5]. The present article discusses using the blind hole drilling technique coupled with ESPI to 
estimate the residual stress in thick-walled structures. The hole drilling method is one of the most effective and extensively 
deployed experimental techniques to characterize residual stresses. The rapid advancement and implementation of optical 
interferometric techniques have facilitated the contactless measurement of local displacement fields on metallic surfaces of 
real objects, thereby presenting innovative prospects for hole drilling residual stress measurements. Multiple studies have 
focused on combining the hole drilling method with full-field measurement techniques based on optical interferometry. 
Comprehensive overviews of the current state of the art in the field of combining the hole-drilling method with optical 
interferometric measurements of the local deformation response for residual stress determination are presented in papers 
[6-10]. 
Additional applications of blind hole drilling to residual stress characterization are available elsewhere [11-29]. In general, 
the determination of residual stresses from strain relief experimental data constitutes an inverse problem. It is noted, in 
passing, that in this context the term “relaxation” is often used incorrectly, as it implies the action of inelastic deformation 
mechanism(s), such as creep – therefore, the term “relief” is preferred in reference to local, predominantly elastic unloading. 
Any method used to evaluate the residual stress through strain relief assumes that the values of measured parameters 
(displacements or strains) caused by local material removal are solutions of an integral equation that must be inverted to 
determine the residual stresses [21, 30-32]. In practice, stress distributions are represented on a finite-dimensional basis, thus 
transforming the integral equations into a system of linear algebraic equations. However, this system is frequently ill-
conditioned. In the general case, the determination of residual stress necessitates solving an ill-posed inverse problem, as 
discussed in [32]. However, a viable solution to circumvent the challenges associated with ill-posed problems is to convert 
them into a well–posed inverse problem [30]. This can be achieved by employing a suitable measurement procedure, e.g., 
estimating the hole diameter increments in the principal strain directions [10]. In this case, the explicit form of the direct 
solution, connecting the stress values and measured parameters, has been derived [33, 34].  
The present research study employs a systematic approach and demonstrates its advantages by considering two cases of real 
engineering parts utilized in civil aircraft construction. The initial investigation of residual stress characterization involves a 
simulated section of a lower wing panel for commercial civil aircraft. This section is notably thick and includes a stringer 
with a mesh of holes to facilitate assembly manipulations. Residual stress is induced through a series of operation-fatigue 
tests, removal of bolts, and skin separation from the stringer. These stress data are valuable for predicting and analyzing the 
fatigue strength of the structure. The second case examines the residual stress components near holes hardened by the 
StressWaveTM method developed by Stress Wave Inc. (Kent, WA, USA) [35, 36]. The first step of the StressWaveTM 
process involves placing the object between hardened indenters to transmit the stress wave into the target metal, forming a 
small dimple on each side of the work piece. The metal flows plastically in a radial direction from the indenters entrapping 
the material between them, leading to the uniform residual stress distribution within an isotropic material. The plastic flow 
results in cold working of the surrounding hole area. The subsequent step involves drilling the hole, removing the entire 
dimple and much or all of the surface upset caused during the process. Although the StressWaveTM process generates 
residual stresses through cold working via a stress wave, it is important to note that the process is dynamic. In certain 
positions, local material volumes may experience loading ranging from quasi-static to unstable dynamic characteristics across 
a range of strain rates. 
Residual stress estimation was first conducted near a hole treated by the StressWaveTM technique in 7075-T651 aluminum 
alloy by using the neutron diffraction method [35]. Next, residual stress determination around a cold-expanded hole in 7075-
T73 aluminum alloy was carried out using the Sachs’ method [37]. The study revealed that the StressWave® technique 
significantly improves the life factor relative to a plain hole exceeding values for Split Sleeve technique [38]. On the other 
hand, to the best of the author’s knowledge, there is no quantitative data on the distribution of residual stress obtained by 
the drilling method for a hole treated with the StressWaveTM technique. 
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In recent years, there has been increasing interest in metal additive manufacturing or metal 3D printing. Both these processes 
lead to residual stress arising at the micro- and meso-structure level [38, 39]. Capabilities of blind hole drilling and 
interferometric measurements of deformation response have been previously demonstrated in the course of residual stress 
quantifying in 3D printed specimens [29]. A set of experimental difficulties was revealed. One of perspective goals of present 
research is connected with the refinement of nuances of experimental procedure in relation to residual stress characterization 
in additive materials. 
The drilling of deep blind holes results in the release of elastic energy from residual stress, leading to the deformation of the 
theoretically circular contour of the hole. Monitoring the deformation response is done using ESPI. High-quality 
interferogram sets, which offer a reliable resolution of interference fringes to quantify hole diameter increments along 
principal residual strain directions, have been acquired. The solution to a well-conditioned system of linear algebraic 
equations is utilized to derive the principal residual stress components. 

 
 

OBJECTS OF INVESTIGATION 
 

he evaluation of residual stress levels in structural elements after fatigue test is vital for validating reliable service life 
predictions using numerical simulation methods. This is particularly crucial for samples that contain irregular stress 
concentration regions. In this paper, two samples with different shapes and an extensive processing history were 

selected. The first sample was defined as a considerably thick specimen, while the second one was referred to a specimen 
with intermediate thickness. 
 
 
T-shaped Sample 1 
The first specimen was a significantly thick element with a series of perforations, replicating a rib segment that is a part of 
a civil aircraft’s lower wing panel. This panel with a size of 3700×560 mm in plane, which consists of external skin reinforced 
by two longitudinal ribs (stringers), was fabricated from 2024 aluminum alloy (E = 74 GPa,  y = 330 MPa,    = 0.33). 

The skin and stringers were connected together using bolts. Prior to joining, cold expansion was carried out on holes that 
were drilled in both the skin and stringers with 0.5 % interference. Then, the steel bolts were mounted with an interference 
fit ranging from 1.3 % to 2.1 %, due to overlapping of the tolerance fields in the bolts and assemblage hole diameters. The 
assembly of skin-stringer, representing comparably designed model, was subjected to cyclic loading in order to obtain data 
essential for fatigue strength analysis, taking into account residual stress influence. The fatigue test, which involved cyclic 
tension, was conducted under the specified parameters: stress range of Δ   = 160 MPa and stress ratio R = 0.01. The 
direction of pulsing tensile load applied during the fatigue test coincides with the stringer axis. The test was terminated if 
and when it exceeded 130000 cycles without any failures. 
Then, the ends of skin-stringer assembly were cut from the middle to separate uniformly loaded tested element. After, the 
bolted joints were demounted, and the stringer was detached from the skin. The T-shaped stringer fragment with the 
dimensions of 215×122×15 mm (Fig. 1(a)) was used to experimentally determine the principal residual stress components. 
The general view of this fragment with the indication of probe area on the external surface as a red rectangular is shown in 
Fig. 1(a). The geometrical details of the experiment, including the probe hole grid with the drilling order and step size in 
both directions, can be found in Fig 1(b). 
 
Sample 2 with strengthened open hole 
The second specimen was an aluminium ( E = 72 GPa, y  = 300 MPa,    = 0.33) rectangular plate with the dimensions 

of 150×50×10 mm as shown in Fig. 2 (a). In this case, residual stresses were analyzed in the vicinity of the holes strengthened 
using StressWaveTM method developed by Stress Wave Inc. (Kent, WA, USA). This method relies on locally strengthening 
the material by compressing two symmetric punches with semi-spherical ends, resulting in the creation of uniform and 
significantly large zones of compressive residual stresses in metals. The StressWaveTM process steps are illustrated in Fig. 
2 (b), 2 (c) and 2 (d). The process assumes the introduction of compressive residual stresses prior to drilling, without any 
additional processing operations. Hardened indenters create plastic strains in an area smaller than the diameter of the 
subsequently drilled hole. The introduction of uniform residual stresses in the thickness direction is indicated by small 
dimples on both sides of the work-piece with a diameter slightly smaller than that of the drilled hole during the first phase 
of the StressWaveTM process. The process has been employed in diverse alloys such as aluminium, steel, titanium, and cast 
iron, and for section thickness ranging from 0.8 to 25 mm. 
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In this study, two symmetrically applied indenters made of 16 mm hardened steel balls were used to create plastically induced 
dimples. The 70 kN external force generated a 6.0 mm plastic dimples while the drilling of a 6.2 mm hole entirely removed 
the curved dimples surfaces. 
 

  
Figure 1: (a) The appearance of the T-shaped stringer part. (b) The experimental grid of probe holes in M area with the indication of 
coordinate system. 
 

 

 
Figure 2: (a) (a) The sketch of the second specimen with indication of its size, dimples and probe holes locations, and 
coordinate system. (b-d) The StressWaveTM process of compressive residual stresses formation. 
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EXPERIMENTAL PROCEDURE  
 

he Electronic Speckle-Pattern Interferometry (ESPI) technique was applied to measure the hole diameter 
increments (Δu   and Δv  in the principal stress directions) resulting from the release of elastic energy of residual 
stresses caused by removal of stressed material during hole drilling. Optical system with normal illumination with 
respect to the plane object surface and two symmetrical observation directions was applied. Compact diode laser 

having wavelength   = 532 nm was the source of the coherent light illumination to obtain interference fringe patterns in a 
fast and reliable manner after blind hole drilling. The details of experimental procedure are given in article [10]. In this study, 
probe holes were made using a hard-coated drill with a 1.9 mm diameter (2 0r ). The blind hole depth (h) in all cases met the 

condition of  03h r . 
 
Initial parameters extraction 
The first experimental step employs obtaining high-quality interference fringe patterns, which arise after local material 
removal. Typical interference fringe patterns (so-called interferograms) obtained for T-shaped stringer fragment are 
illustrated in Fig. 3. 
 

  
a ( uN = –18.0) b ( vN = +1.0) 

  
c ( uN = +1.0) d ( vN = –17.5) 

Figure 3: The interference fringe patterns obtained for in-plane displacement component u (a,c) and v (b,d) as the result of blind hole 
drilling at point 2 (a, b) and 5 (c, d) for Sample 1. 
 
Typical interferograms obtained in the vicinity of the strengthened hole are shown in Fig. 4. 
 

T 



 
 
 

S. Eleonsky et alii, Frattura ed Integrità Strutturale, 69 (2024) 192-209; DOI: 10.3221/IGF-ESIS.69.14 
 

197 
 

 

  
a ( uN  = +12.5) b ( vN = –25.0) 

  
c ( uN  = +8.5) d ( vN = –24.0) 

Figure 4: The interference fringe patterns obtained for in-plane displacement component u (a, c) and v (b, d) as the result of blind hole 
drilling at point 2 (a, b) and point PD2 (a, b) and PD3 (c, d) for Sample 2. 

 
The second step resides in deriving hole diameter increments in principal stress directions ( u  and v  ), which are essential 
for further residual stress calculations. It is of importance that the acquired interferograms exhibit exceptional quality for 
the subsequent post-processing. The fringe patterns depicted in Figs. 3 (a), 3 (d) and 4 (d), 4 (d) reveal 18.0, 17.5 and 25.0, 
24.0 fringes over the boundary of 1.9 mm hole diameter. Furthermore, they show that the coordinate axes x and y closely 
coincide with the direction of principal residual stress components 1  and 2  , respectively. This means that u  and v  
values follows from the main relations of ESPI method [10]: 
 

 Δ Δ ,
2sin

uu N



  Δ Δ ,
2sin

vv N



                                                             (1) 

 
where   is wavelength of laser illumination (532 nm),   is angle between inclined illumination and normal observation 

directions ( / 4 ), Δ uN  and Δ vN  are differences between absolute fringe orders counted over the solitary fringe pattern 
between two basic points corresponding to the directions of principal stresses 1  and 2 , respectively. 
In this study, two basic points corresponding to each fringe pattern were defined as the intersection points of the hole 
diameter coinciding with a specific principal stress direction and the edge of the probe hole. The horizontal and vertical 

diameters are related to the Δ uN  and Δ vN  absolute fringe order difference, respectively.  
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Brief illustration of this process follows below by employing two interferograms with relatively low fringe density, shown 
in Fig. 5, to clarify the essence of involved procedure. The required values of hole diameter increments u  and v  could 

be obtained from Eqns. (1) by directly counting fringe orders Δ uN  and Δ vN  between two basic points on the fringe 
patterns.  Basic points, shown in Fig. 5, are denoted as 1* and 2* for u  –displacement component as well as 3* and 4* for 

v –displacement component. The way of fringe order difference counting is shown in Fig. 5 (a) and 5 (b) for Δ uN  and 

Δ vN , respectively. 
 

(a) ( 1σ –direction, Δ uN = +7.0) b  ( 2σ –direction, Δ vN = –14.0) 
Figure 5:  General scheme of fringe order differences deriving. 

 
Initial parameters extraction 
Coinciding symmetry axes of obtained interferograms and directions of principal residual stress components proves that 
the determination of residual stress can rely on the approach described in study [10]: 
 

  1 2 2
0

Δ Δ
,

2

E a u b v

r a b
 




   2 12 2
0

Δ Δ
,  1

2

E a v b u
a

r a b
 

  


, 2 ,b                              (2) 

 
where 0r  is hole radius, E  is Young’s modulus of the material, Δu  and Δv  are hole diameter increments in principal stress 

directions 1  and 2 , respectively, 1  and 2  are strain concentration factors,    is Poisson’s ratio of the material. 

In the case involved, let us assume that 1 3   and 2 1   because these values satisfy to the numerical solution of the 

elastic stress concentration problem for uniaxial tension of thick plate with deep blind hole when the condition of 03h r  
is met [23]. To calculate residual stress using Eqns. (2), it is necessary to determine the diameter increments of the hole in 
the directions of principal stress (Δu  and Δv ) accordingly to formulae (1).  
Deriving accurate residual stress values from Eqns. (2) requires identifying a sign of the hole diameter increment Δu  and 
Δv  (increase or decrease) as described in formula (1). The challenge arises because interference fringe patterns, like those 
illustrated in Fig. 3 and Fig. 4, do not inherently provide information on the exact physical orientation of each displacement 
component. To obtain the necessary data to determine the plus or minus sign of each in-plane displacement component, 
an additional phase shift can be introduced before the second exposure during interferogram recording. The sign of a 
particular phase shift is typically known in advance for a given interferometer optical system. This technique facilitates the 
identification of the physical orientation of each in-plane displacement component for each specific configuration of the 
optical system. Interferograms similar to those presented in Figs. 3c and 3d, but recorded with an added constant phase 
shift for physical orientation identification, are shown in Fig. 6. As demonstrated in Fig. 6(a), the optical system generates a 
hyperbolic fringe pattern for a positive sign of component u , while a negative sign of component v  produces an elliptical 
fringe pattern, as shown in Fig. 6(b). 
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(a) (b) 

Figure 6: Interference fringe patterns obtained with the additional phase shift for in-plane displacement component u  (a) and v  (b) as 
the result of hole drilling. 
 
 
UNCERTAINTY ANALYSIS 
 

 satisfactory correlation between the actual residual stress state and transition model (1) provides an opportunity to 
quantitatively estimate the uncertainties in measured residual stress values. Our proposed approach is based on the 
matrix formulation of the problem of residual stress determination using formulae (1). Initially, the vector s  should 

be composed of two unknown parameters 1  and 2 : 
 

  1 2,
T

s                                                                                           (3) 

 
At the same time, the effect vector d  should include determined experimental parameters Δu  and Δv : 
 

  Δ ,Δ Td u v                                                                                        (4) 

 
The equation below connects vectors s  and d  as 
 
 A s d                                                                                                 (5) 
 
where A  is the explicit form of the transition model [10, 23, 33, 34, 40]. 
According to the Eqn. (5), the required vector s  can be obtained through an inverse problem solution [30]: 
  

 1s A d                                                                                              (6) 
 
Hence, if a length of vector s  is equal to 2n  , then a dimension of matrix A  from Eqn. (5) is      2 2n n   . On the 

other hand, if matrix A  is a regular positively defined square  n n -matrix, the problem is properly posed and the 

unequivocally solution of Eqn. (6) exists [30]. The elements of the mentioned above matrix A  for the effect vector d  of 
form (4) can be constructed from general formulae derived in work [34]: 
 

 
   

0 0
11 22 21 12

1 2

2 2
,  

1
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a a a a
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                                         (7) 
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It is evident that a solution of Eqn. (6) for matrix A  of type (7) gives formulae (1). However, employing a problem 
formulation that includes relations (3)-(7) also allows for quantifying uncertainties for principal residual stress components. 
This can be accomplished following the general approach outlined in reference [34]. Required estimations stem from the 
mathematical formulation of the direct problem (5), and can be performed precisely if the form of matrix A  is known with 
high degree of reliability as it takes place for the case considered. The upper limit of the calculation error for each component 
of unknown vector s  can be estimated as following: 
 

 
  

 
2

i is dcond A

s d

 
                                                                                   (8) 

 
where 1, 2;i   is  and id  are the errors made in the determination of is  and id  components;                  

  1cond A A A   is the condition number of matrix A  [42]. 

The symbol *  denotes the vector and matrix norm. The formulation of inequality (8) considers that all rows of matrix A  
(7) are of equal length. Vector norms included in Eqn. (6) are defined as a length of corresponding vector                  

2 2
1 2s s s  , etc. Matrix norm that is equivalent to this vector norm is Euclid norm: 

 

 
1/2

2

,
,

i j
i j

A a
    
  
                                                                              (9) 

 
where ,i ja  are the elements of arbitrary matrix A . 

The value of Euclid norm for matrix A  (7) directly follows from definition (9): 
  

 2 22A a b                                                                                  (10) 
 
where 1 1a    and 2b    . 

Comparison of relations (1) and (7) provides the form of inverse matrix 1A : 
 

 1
2 2

1 a b
A

b aa b
  
    

                                                                               (11) 

 
Euclid norm (10) of matrix of type (11) has the following form: 
                                  

 
2 2

1
2 2

2 a b
A

a b
  



                                                                                 (12) 

 
The value of condition number for matrix A  of type (7) is defined by multiplying relations (10) and (12): 
 

  
2 2

2 22
a b

cond A
a b





                                                                               (13) 

 
Relation (13) evidences that the value of the condition number for the approach involved cannot be less than 2. For the 
case considered in this report, we assumed that 2a  , 0.67b  , and   2.51cond A  . 
The quantitative estimation of errors in residual stress calculations is evidently linked with the experimental errors in the 
Δu  and Δv  increments of probe hole diameter, as determined by formulae (2), ultimately yielding formulae (14): 
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    Δ Δ ,
2sin

uu N
 


     Δ Δ
2sin

vv N
 


                                  (14) 

 
The approach presented in this paper is based on experimental determination of two exclusive parameters, namely, the two 
differences between fringe orders on external face of the specimen. These values are derived for a single fringe pattern 
between a pair of basic points located at the hole edge. In this work, the required fringe counts were obtained manually via 
“naked-eye” observations performed by an operator. Quantitative uncertainty analysis based on inequality (8) employs id  

parameter. The first step in this way resides in obtaining  Δu  and  Δv  values from inequalities (14). The accuracy 

analysis of all experimental results assumes determination the fringe order differences with an absolute error  Δ 0.5N   

of the fringe width, which implies the distance between neighboring bright and dark fringes. Thus, the following estimations 
are valid:  
 

     3Δ Δ 0.19 10  u v mm       

  

    2 2 3Δ Δ 0.27 10  id u v mm       .                                          (15)                       

 
 
RESULTS 
 

ractical implementation of uncertainty analysis, presented in Section 4, needs real residual stress values inherent in 
investigated structures. Required data follow below. 
 

 
Residual stress components in Sample 1 
The mesh of probe holes drilled at the external surface of T-shaped stringer part is shown in Fig. 1 (b). The measurement 
points were positioned along x -direction (Line A) and along y -direction (Line B). Whole set of initial experimental data 
and corresponding results of residual stress determination are presented in Tab. 1. Configuration of the probe hole mesh, 
shown in Fig. 1 (b), indicates that locations of hole #1 and hole #6 with respect to adjacent assemblage holes are very close. 
Moreover, the values of hole diameter increments and principal residual stress completely coincide. Practically the same 
situation takes place for hole pairs #2, #7 and #3, #8. Data, which are related to the probe holes equivalently located with 
respect to assemblage holes, were averaged for constructing residual stress distributions. This was purposefully undertaken 
in order to decrease the uncertainties of residual stress components determination. The obtained results are listed in Tab.2 
and Tab. 3. 
 

Point 
number Δ uN , fringes Δ vN , fringes Δu , μm Δv , μm 1σ , MPa 2σ , MPa 

1 –19.0 0 –7.22 0 –158.0 –53.0 

2 –18.0 +1.0 –6.84 0.38 –147.0 –42.0 

3 –9.5 –9.5 –3.61 –3.61 –106.0 –106.0 

4 –4.0 –7.5 –1.52 –2.85 –54.0 –77.0 

5 +1.0 –17.5 0.38 –6.65 –41.0 –143.0 

6 –19.0 0 –7.22 0 –158.0 –53.0 

7 –16.0 +1.0 –6.08 0.38 –131.0 –36.0 

8 –7.5 –10.5 –2.85 –3.99 –92.0 –108.0 

9 +1.0 –15.0 +0.38 –5.70 –34.0 –122.0 

10 –3.0 –18.5 –1.14 –7.03 –77.0 –163.0 
 

Table 1: Initial experimental information and values of principal residual stress components. 
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Point number (1+6)/2 (2+7)/2 (3+8)/2 

x , mm 3.71 10.70 20.82 

1 , MPa –158.0 –134.0 –99.0 

2 , MPa –53.0 –39.0 –107.0 
 

Table 2: Residual stress components along Line A in Sample 1. 
 

Point number 4 10 5 9 (8+3)/2 

y , mm 1.78 3.3 6.68 9.47 14.80 

1 , MPa –54.0 –77.0 –41.0 –34.0 –99.0 

2 , MPa –74.0 –163.0 –143.0 –122.0 –107.0 
 

Table 3: Residual stress components along Line A in Sample 1. 
 
The spatial distribution of principal residual stress components along Line A and Line B in Sample 1, which are reconstructed 
using relations (1)-(2) and data from Tab. 2-3, is shown in Fig. 7. The origin of each axis corresponds to the edge of the 
nearest assemblage hole. 
 

  
          (a)             (b) 

Figure 7: The principal residual stress components 1  and 2  along (a) Line A and (b) Line B in Sample 1 as functions of distance from 
the nearest assemblage hole. 
 
The findings presented in this section demonstrate practically ideal situation that might occur when residual stress 
determination employs a combination of blind hole drilling method and optical interferometric measurements of local 
deformation response. The technical parameters employed in the drilling procedure ensure high quality, resulting in precise 
interference fringe patterns. The maximal fringe density over a small hole diameter of 02 1.9r   mm is 17-18 fringes, which 
is close to the resolution limit. The approach used facilitates the determination of principal residual stress components with 

values of 1 158.0MIN    MPa and 2 163.0MIN    MPa. The results indicate the development of a high-level compressive 
residual stress field in proximity to assembly holes subsequent to bolt removal. This unforeseen consequence offers 
advantages in terms of fatigue strength. It is noteworthy that a comparably designed lower wing panel underwent solely 
pulsed tensile loading during its fatigue testing. 
 
Residual stress components in Sample 2 
Similarly to the Sample 1, the configurations of fringe patterns suggest that coordinate axes x  and y  align with the direction 

of the principal residual stress components 1  and 2 , respectively. It is necessary to highlight that the density of 
interference fringes along the probe hole edge drilled, for instance, at points PD2 and PD3 approaches the resolution limit 
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of the ESPI technique. The interpretations of the fringe patterns and the calculated values of the principal residual stress 
components, extracted from the preliminary experimental data based on formulae (1) and relations (2), are listed in Tab. 4. 
 

Point 
Distance from the edge of 

strengthened hole to the center of 
probe hole Δy , mm 

Δ uN , 
fringes 

Δ vN , 
fringes 

Δu , μm Δv , μm 1 , MPa 2 , MPa 

PD1 9.16 +11.5 –14.0 +4.37 –5.32 +54.0 –80.2 
PD2 3.28 +12.5 –25.0 +4.75 –9.5 +32.6 –164.5 
PD3 2.54 +8.5 –24.0 +3.23 –9.12 +3.6 –169.5 
PD4 9.21 +9.5 –12.0 +3.61 –4.56 +20.7 –69.7 

 

Table 4: The results of fringe patterns interpretation and values of principal residual stress components for Sample 2. 
 
The centres of probe holes at points PD2 and PD3 are located 3.26 mm and 2.54 mm away from the edge of the 
StressWaveTM-treated hole, respectively. The compressive residual stress components at these points are quantified as        

1 164.5    MPa and 2 169.5    MPa. The residual stress values observed fall within the range of experimental 
uncertainty. This alignment emphasizes the uniformity of the residual stress field in the radial direction. These results are 
consistent with residual stress estimates obtained from a similar study using neutron diffraction methods [36]. 
The adopted transition model is based on the solution for elastic part of stress concentration problem in a thick plate with 
blind hole subjected to two-axial tension/compression under plane stress conditions [10, 23–24, 33]. Formulae (1) assume 
the applicability of the superposition principle to the local displacement and strain fields associated with each in-plane stress 
tensor components. A blind hole of diameter 02r  is made at some point of the plane surface area under consideration. The 
centre of this hole is a conventional point, where the residual stresses must be determined. It is also assumed that a 
distribution of residual stress components in depth direction is uniform. This condition is valid for non-welded aluminium 
specimens in most of practical cases. 
The plane stress conditions have been satisfied for all specimens studied as a result of the applied geometric configuration 
and residual stress causes. The elastic nature of the residual stress state following hole drilling can be attributed to two 
factors. Firstly, the fringe pattern configuration, which can be accurately resolved over the entire edge of the hole, does not 
exhibit any signs of plastic deformation in comparison to the example shown in Fig. 8. In this case, the interference fringe 
configuration highlights the presence of a two-sided indentation dimple. This is a result of blind hole drilling at point PD5. 
 

                               
                                             (a)   Δ 20.0uN                                                          (b) Δ 28.0vN    

Figure 8: The interference fringe patterns obtained in terms of in-plane displacement component (a) u  and (b) v  after drilling blind 
hole at point PD5. 
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Secondly, the largest values of principal residual stress components are 1 158.0    MPa and  

2 163.0    MPa for Line A and Line B of Sample 1, respectively, and 1 164.5    MPa and  

2 169.5    MPa for points PD2 and PD3 of Sample 2, respectively. It is obvious that the obtained residual stresses are 
significantly lower than the yield stress (and even 2/3 of the yield stress) of the 2024 aluminium alloy, indicating reliable 
determination using the blind hole drilling method [10, 40]. 
Uncertainty values, which follow from inequality (8), relations (13), inequality (14) and estimations (15) for experimental 
data in Tab. 1 and 4, are represented below in Tab. 5. The data in Tab. 5 correspond to the upper limit of experimental error 
in determining residual stresses, providing conservative estimates for residual stress uncertainties. This arises from the 
definition of the adopted Euclid matrix norm (10), as explained in reference [39]. It is worth noting, however, that this 
«conservative estimation» results in an absolute error in determining each principal residual stress component of 5.4 to 8.5 
MPa. The relative error in determination of the maximal residual stress component fits within the range of 3.3 % to 5.3 %. 
This outcome, associated with a low condition number  cond A  of 2.51, is favourable from any perspective. The presented 
uncertainties analysis of all experimental results requires identification of the fringe order differences with an absolute error 
of  Δ   0.5N   for the fringe width. Even with conservative assumptions, the estimated error of residual stress 

components determination primarily lies within the 5 % interval. This level of accuracy is sufficient to solve most engineering 
problems. However, automated procedures for in-plane displacement filed acquisition can greatly enhance accuracy if 
necessary. 
 

Specimen Point 1 , 
MPa 

2 , 
MPa 

s , 
MPa 

 d  
10-3, mm 

 1  , 

MPa 
 2  , 

MPa 
 

 1

1

 


  
 2

2

 


 

Sample 1, 
Line B 

10 –77.0 –163.0 180.3 7.19 8.50 8.50 0.11 0.047 
5 –41.0 –143.0 148.8 6.66 7.57 7.57 0.18 0.053 

Sample 2 PD2 +32.6 –164.5 167.7 10.6 5.36 5.36 0.16 0.033 
 

Table 5: Uncertainties estimations for several specific points for two samples. 
 
 
DISCUSSION 
 

ost of currently used blind hole drilling techniques for residual stress determination are based on the multiple-
point over-deterministic approach. In these cases, matrix A  from Eqns. (5) and (6) is a rectangular  m n  

matrix with m n , i.e.  ns s  and  md d . Thus, the problem becomes overdetermined and improperly 

posed (ill-posed). In general, no solution exists. However, as a rule, the measured data d  are full of errors   , thus Eqn. 
(6) can be written as given earlier [30]: 
 
 A s d                                                                                             (16) 
 
It means that solution can be found via adjustment of least squares thereby minimizing the quadratic functional: 
 

 
2

2

1 1

m n

ij i i
i j

J A s d A s d min
 

 
        

 
                                             (17) 

 
Therefore, the solution corresponding to (17) can be found via: 
 

   1T Ts A A A d


                                                                               (18) 

 
Recent research [32] provides a thorough analysis of how Eqns. (16)-(18) can be used to determine residual stress via the 
hole drilling method. The study highlights that “measured parameters at any given increment, determined by the cumulative 
effect of the relieved stresses, appear as an integral equation, which must be inverted to obtain residual stresses. In practice, 

M 
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stress distributions are discretized by a finite-dimensional basis, to transform the integral equations into a linear system of 
equations, which is often ill-conditioned. The inversion of the integral equations arising from relaxation methods is an ill-
posed problem, which is a very specific mathematical property and must be distinguished from a general ill-conditioning. Ill-
posed problems require additional assumptions to obtain a physically meaningful solution. This process falls under the name 
of regularization”. 
Many studies focused on determining residual stress in hole drilling implement overly complex methods, such as         
multiple-points over-deterministic procedures involving calibration coefficient calculations and solving ill-conditioned 
systems of linear algebraic equations. However, non-equality (8) indicates that determining residual stress has no practical 
sense if   10cond A  . It is worth nothing that condition number values are not taken into account in several papers devoted 
to this problem. It appears that many of the linear algebraic systems are ill-conditioned, thus requiring further efforts to 
achieve reliable residual stress evaluation. For instance, this problem can be partially solved by regularization techniques, 
but they only provide incidental uncertainty estimation. 
Our approach can be defined as “preventive regularization”, which aids in eliminating the aforementioned difficulties. The 
application of two measurement points for determination of hole-diameter increments along principal stress directions 
yields an unequivocal solution to the properly posed inverse problem as described in Eqn. (6). An explicit form of this 
solution is given in Eqn. (1). It employs the solution of linear algebraic equations system with low condition number 

  2.51cond A  . Very optimistic estimations of errors inherent to the final results directly follow from relationships (8)-
(18), and they prove main advantages of the developed approach clearly. 
It would be very useful to review the challenges outlined in the conclusions section of the fundamental paper by                  
G.S. Schajer, M.B. Prime, and P.J. Withers [5] with respect to the approach presented in this article. We summarize our 
answers in Tab. 6. 
 

Challenge from paper [5] Answer 

1. The need for an absolute zero-stress datum. This is often 
difficult to achieve in practice. For relaxation type measurements, 
highly accurate, stress-free cutting is essential. … 
2. The sample may need to be physically damaged in order to 
make the measurements. Such damage occurs with all relaxation 
type measurements, and sometimes also with diffractive 
measurements. … 

I–II. All probe holes are made using a hard-coated drill. The 
rotational speed is fixed at 60 rpm, and the translation speed of 
the drill does not exceed 0.125 mm/sec. This technology allows 
for highly precise stress-free local material removal without 
physical damages, as depicted in Fig. 9. The uniform stress field 
inherent in the middle plane of the end face of Sample 1 is shown 
in Fig. 10. It is important to note that the residual stress values 
closely match those obtained at points 3 and 8 on the exterior 
surface (refer to Tab. 1). Thus, we clearly illustrate how to acquire 
both absolute zero-stress and non-zero-stress datum. 

4. Sensitivity to stresses at nearby locations in addition to those at 
the measurement location. This issue typically creates the need 
for “inverse” calculations. 

IV. Stress evaluations in nearby areas and “inverse” calculations 
are not necessary since the initial experimental data is immediately 
obtained at the hole edge. The center of probe hole is a 
conventional point to which obtained residual stress components 
are referred. Measurement of deformation response to local 
material removal directly at the hole edge provides maximal 
possible sensitivity with respect to residual stress determination. 

5. Substantial sensitivity to measurement and procedural 
imperfections. Consequently, a very high standard of 
measurement and procedural precision is required to achieve 
effective results. 
 

V. Absolute error that is inherent in the determination of each 
principal residual stress component, as indicated by inequality (8), 
directly quantifies significant sensitivity to measurement 
imperfections. The high quality of the interference fringe patterns 
effectively demonstrates the robustness of the experimental 
procedure. This signifies that a very high standard of 
measurement and procedural precision is necessary to yield 
efficient results.  

 

Table 6: Challenges manifested in reference [5] and responses to them. 
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                                                               (a) Δ 0uN                                                                             (b) Δ 0vN   

Figure 9:  Zero-stress level ( 1 2 0   ) revealed on the end face of Sample 2 after drilling deep blind hole. In-plane displacement 

component (a) u  and (b) v . 
 

     
(a) Δ 9.0uN                                                                              (b) Δ 9.0vN    

Figure 10:  Uniform stress level ( 1 2 100.0     MPa) revealed on the end face of Sample 1 after drilling deep blind hole. In-plane 

displacement component (a) u  and (b) v . 
 
Arguments presented in Tab. 6 demonstrate that all challenges outlined in reference [5] have been successfully addressed. 
Additionally, an unmentioned challenge related to “the inversion of the integral equations arising from relaxation methods 
is an ill-posed problem” [32] has also been overcome. 
Moreover, in this study we demonstrated a high-quality data collection with sufficient level of accuracy that is essential for 
most engineering problems. However, the achieved accuracy of residual stress determination can be reinforced through 
numerical simulation and corresponding visualization of reference fringe patterns that arise during blind hole drilling [23, 
24, 40]. On the other hand, automated procedures for in-plane displacement filed acquisition can greatly enhance accuracy 
as well. 
Below, we will provide a first attempt in this direction. The analytical Kirsch solution around a circular hole in an infinite 
plate rewritten for displacements can be used for this task [42]: 
 

      
2 2 4

3

1 1 1
4 1 cos2

2 2 2r x y x y
R R R

u p p p p
G r r r

 
          
   

 

 

               
2 4

3
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where ru  are radial displacements, u  are tangential displacements, G  is shear modulus of the material, xp  and yp  are 

principal stresses along x - and y -axis, respectively,   is Poisson’s ratio of the material, R  is radius of the hole. 

The results for the 2 2
ru u  analytical solution (with the addition of simulated noise) are shown in Fig. 11 in comparison 

with the experimentally obtained interference fringe pattern from Fig. 3 (a). The illustration provides a demonstration of 
the possibility for developing a correlation-based analysis approach (pattern matching) that will be the subject of a separate 
future study. 
 
 

     
                                                (a)                                                                                          (b) 
Figure 11: (a) The simulated fringe pattern obtained from the Kirsch solution for displacements around a circular hole in an infinite 
plate compared with (b) the experimentally obtained interferometry fringe pattern. 
 
 
CONCLUSIONS 
 

n this study, we have conducted experiments to determine residual stress from blind deep hole drilling in thick plates 
using electronic speckle-pattern interferometry, which is based on the measurements of probe hole diameter 
increments along principal strain directions. Moreover, we have developed an efficient experimental procedure that 

includes local deformation parameters which can be measured with the highest possible accuracy. Hole diameter increments 
along directions of principal strains, precisely represent the parameters that satisfy the above-mentioned conditions. Derived 
formulae, which provide the transition from raw experimental data to required values of principal residual stress 
components, are the unequivocal solutions to the properly posed inverse problem. Thus, there is no need to apply various 
regularization procedures to enhance the reliability of residual stress determination. 
The accuracy of the proposed approach for the residual stress components determination has been analytically assessed. It 
was found that the absolute error of each principal residual stress component lies in the range of 5.4 to 8.5 MPa depending 
on the type of residual stress field considered. Corresponding relative errors range from 3.3 % to 5.3 % when the value of 
maximal negative residual stress component is altered from -164.5 to -143.0 MPa, respectively. This remarkably low level of 
uncertainty is achieved, even when considering that the differences in fringe order were derived with the half accuracy of 
the absolute fringe order.  
The accuracy demonstrated by the proposed technique is more than satisfactory for most engineering problems. The 
developed approach is significantly important for the fast and reliable characterization of high-level residual stresses that 
arise in irregular zones of thick-walled structures. The experimental procedure is straightforward and does not require a 
highly skilled practitioner to achieve successful results. 
 
 
 

I 
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