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INTRODUCTION 
 

tructural Health Monitoring (SHM) techniques have emerged as indispensable tools for ensuring the safety and 
longevity of civil infrastructure. These techniques involve the continuous or periodic monitoring of structural 
behavior to detect and diagnose damage thus mitigating the risk of structural failures and optimizing maintenance 

strategies. One of the key components of SHM is the utilization of numerical models to interpret monitoring data and assess 
structural health. These models, ranging from simple analytical formulations to complex finite element simulations, play a 
pivotal role in understanding the behavior of structures under various loading conditions and in predicting their response 
to damage. In the scientific literature, damage identification methodologies are typically categorized into data-based and 
model-based approaches [1–3]. Methods falling under the former category depend on static and dynamic data collected 
either on demand, periodically, or continuously over time during the inspection phase of monitored structures. These global 
parameters are subsequently contrasted with those recorded during the initial baseline phase, representing the undamaged 
structural state, to facilitate damage detection, localization, and magnitude estimation [4–6]. The reliability of data-based 
methods is also contingent upon the efficacy of software components employing signal-processing, pattern recognition 
algorithms, or statistical analyses to translate data acquired from sensors such as accelerometers, strain gauges, velocimeters, 
load cells, and fiber optic sensors into meaningful structural condition information [7–10]. Various techniques utilizing 
machine learning approaches [11–13], Support Vector Machines (SVM) [14,15], and data clustering methods [16,17] have 
been proposed for this purpose. On the other hand, model-based approaches involve the updating of finite element models 
(FEMs), according to which a set of parameters from an initial model representing the undamaged baseline condition of the 
monitored structure are adjusted to better match the actual structural state under damage [18,19]. This adjustment process 
entails the formulation of an optimization problem aimed at minimizing differences between the experimentally measured 
dynamic responses and those predicted by the numerical model. Upon achieving an optimal alignment, the location and 
extent of damage can be determined [20]. The effectiveness of model updating is strictly related to the chosen numerical 
model used to simulate the progressive development of damage. For instance, in [21], a simplified damage model which 
involves alteration of the elastic modulus within a narrow band surrounding existing cracks, is proposed to simulate stiffness 
degradation throughout the structure subjected to cracking processes. Similarly, elastic springs with equivalent stiffness are 
utilized along cracked sections to emulate the impact of damage on the structure, followed by modal analyses conducted 
with suitable adjustments to the spring conditions to align with experimentally obtained dynamic data [22]. More reliable 
numerical methods in terms of predicted structural nonlinear response rely on discrete and smeared fracture approaches. 
Discrete fracture methods, including cohesive models [23,24], have the main advantage of appropriately predicting the crack 
pattern induced by the applied loads, as well as the complex damage phenomena typical of plain and reinforced concrete 
(RC) structures. Moreover, they are versatile and applicable to different types of quasi-brittle materials, such as concrete 
elements [25] and fiber-reinforced composite materials [26–28], RC structures strengthened with FRP systems [29,30], and 
RC beams enhanced with nanomaterials embedded in the concrete matrix [31–33]. Additionally, they combine reliability, in 
terms of expected results, and lower computational costs. On the other hand, smeared damage approaches benefit from 
appropriate constitutive laws and bond-slip relations to accurately simulate the softening behavior resulting from crack 
evolution and the bond behavior between concrete/steel and concrete/FRP [34–36]. Nevertheless, while these models excel 
in predicting load-carrying capacity, they are less adept at accurately reproducing realistic crack patterns due to the inherent 
loss of features during the smoothing process. However, a damage identification method for analyzing concrete structures, 
regardless of whether it adopts a smeared or discrete fracture approach, necessitates an accurate numerical strategy. For 
instance, employing multiscale approaches or advanced finite element methods [37] in tandem with a well-designed 
monitoring campaign is imperative to comprehensively analyze the behavior of existing structures and understand the 
complexities of potential failure mechanisms. Numerous experimental and numerical works available in the scientific 
literature are mainly focused on RC structural elements. In particular, an experimental method based on the static moment–
rotation relationship evaluation over a beam short subsection, is proposed to better understand the non-linear behaviour of 
damaged concrete beams during low-amplitude vibration [38,39].  
In the work [40], a reinforced concrete (RC) slab underwent short-duration concentrated impact loads, and its dynamic 
characteristics in both virgin and damaged conditions were investigated using two signal processing techniques: Fast Fourier 
Transform (FFT) and Hilbert Huang Transform (HHT). The analyses revealed percentage reductions in modal frequency 
corresponding to varying degrees of damage, and the frequency–damage relationship was estimated based on a 3-element 
partitioned beam model, demonstrating close agreement between semi-empirical and experimental results, with a 30% 
frequency reduction observed from the virgin state to yield. A novel damage assessment procedure, proposed in [41], utilizes 
changes in non-linear vibration characteristics obtained from computational models, employing a constitutive model derived 
from laboratory compressive strength tests and implemented in finite element modeling. Incremental static damage is 
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simulated and harmonic excitation detects non-linear behavior, enabling the proposal of a damage detection method 
independent of baseline data. Experimental validation demonstrates the method's simplicity, computational efficiency, 
agreement with cracked vibration behavior studies, and potential for addressing inverse engineering problems in structural 
health monitoring of RC structures. Interesting results are obtained in [42], where linear and nonlinear acoustical 
experiments were conducted on a reinforced concrete (RC) beam subjected to gradually induced damage through static 
loading tests. Specifically, experimental modal analysis (EMA) at varying damage levels revealed a progressive reduction in 
bending stiffness along the beam, with increasing damage showing strong amplitude dependence in linear dynamic behavior. 
Resonant frequencies and damping ratios were measured after each loading step, using both frequency and time domain 
techniques, to quantify nonlinearity as a function of damage. 
In the context of the structural health monitoring procedures based on the coupling between numerical models and 
experimental data, in this work, a numerical model has been developed to investigate the crack-induced degradation of 
vibration characteristics in plain concrete structures under mode I and mode II fracture conditions. In order to take into 
account all complex nonlinear phenomena, such as concrete crushing, concrete plasticity, and the friction effect during the 
unloading phase, an extension of the cohesive model proposed by some of the authors in [25] has been implemented in a 
2D finite element framework. In particular, a cohesive zone model, used to predict the crack onset and propagation in the 
concrete phase has been successfully applied to analyze the structural behavior of concrete elements subjected to cycling 
loading conditions, taking into account both concrete plasticity and contact/friction effects between the crack faces during 
the unloading stage. The static and dynamic behaviors of concrete beams under general loading conditions have been studied 
evaluating mode shapes by solving small amplitude-free oscillations problems at the final point of each unloading path. 
Finally, the variation of the natural vibration frequencies as the damage level increases has been investigated, and the most 
common dynamic damage indicators have been calculated to assess the location and magnitude of the damage within the 
analyzed elements. 
 
 
STATIC AND DYNAMIC ANALYSIS OF PLAIN CONCRETE STRUCTURES UNDER LOADING/UNLOADING 

PROCESSES 
 

n this section, the numerical strategy proposed to analyze the degradation of the dynamic properties of plain concrete 
specimens, has been briefly introduced. Specifically, the nonlinear process induced by the crack propagation is 
simulated by a diffuse cohesive approach, proposed by some of the authors in [31], which has been here enhanced to 

suitably predict the frictional effects arising during the closure phenomenon of the crack faces in a compression loading 
state. Moreover, the dynamic properties of the damaged concrete specimens are detected by solving the modal model of 
the structural system thus obtaining natural vibration frequencies and mode shapes of the concrete specimens [25]. The 
proposed strategy is implemented in a 2D finite element framework by using the commercial software COMSOL 
Multiphysics. 
 
Nonlinear fracture simulation of plain concrete specimens  
The nonlinear behavior of plain concrete specimens has been analyzed by using an inter-element fracture model, according 
to which cohesive interfaces are inserted between the bulk elements of a standard FE mesh within the critical zone subjected 
to damage. The mechanical behavior of the cohesive tractions, for monotonic and cyclic tensile loads, is described by a 

traction-separation law of the kind    01coh D t K u , depending on an isotropic damage variable D . In order to analyze 

the cracking processes in concrete structures subjected to loading/unloading conditions, the numerical formulation should 
incorporate concrete plasticity. As introduced by some of the authors in [25], such effect is considered by adopting the 

plastic contribution p
n and p

s   for the normal and the tangential components of the displacement jump  u . Therefore, 

the components of the cohesive traction vector can be expressed as follows: 
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Such plastic contribution have been set as a fraction of the maximum values of the normal displacement jump, i.e. 
maxp

n n  . The parameter   is a linear function rely upon the ratio between the actual tensile stress and the critical tensile 

strength of the material ( /t tcf f ) and it has been defined by a calibration procedure to match the experimental results given 
in [43]. In Eqn. (1),  the scalar damage variable follows an exponential function, governed by the parameters as follows: 
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in which the parameters f
m and 0

m  represent the limit values that the equivalent displacement jumps reach at the complete 
decohesion and at the onset of the cracks, respectively. The maximum value of such equivalent displacement jump, 

throughout the load history, is indicated by max
m in Eqn. (2).  

 

 
Figure 1: Traction-separation laws for Mode I (a) and Mode II (b) fracture conditions. 

 
Fig. 1a and Fig. 1b illustrate the complete traction-separation laws for Mode I and Mode II fracture processes both 
characterized by a plastic stiffness in the unloading stage, thus defined: 
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where 0
iK denoting the initial elastic stiffness, in its normal ( )i n and tangential ( )i s components.  

During the unloading stage, in order to simulate the effect of the partial contact between crack faces, induced by the presence 
of aggregates in the concrete phase, the following expression of the cohesive normal stress has been introduced: 
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where c
nK  is the normal tangent stiffness computed by an adaptive formulation when an inversion in the sign of the cohesive 

stresses, from tensile to compressive during the unloading phase, is registered: 
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where the scalar parameter  , set as 225 after the calibration procedures performed on experimental works [43,44], reduces 

the initial normal stiffness 0
nK  as the damage increases. The interpenetration phenomenon between cohesive elements is 

prevented through a contact constraint that is active when the displacement reaches the limit values of: 
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The numerical formulation is further improved by incorporating the friction effects in the mode II traction-separation law, 
in order to adequately model the constitutive behavior of the cohesive elements during the unloading phase characterized 
by compression states, especially when a mixed-mode fracture condition is analyzed. In detail, according to the Coulomb-

type frictional model, the total cohesive tangential stress tot
st  is defined as a summation of the cohesive contributions st , 

expressed by Eqn. (1)  and the friction contribution fric
st , when a compression state is reached, as follows: 
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where f is the friction parameter that assumes, according to [45], two different values: 
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in which 0 is the friction coefficient, set equal to 0.3. 
 
Dynamic property evaluation of plain concrete structures 
The dynamic response of reinforced concrete structures under defined damage states is determined by solving the small 
amplitude free oscillation problem of the discretized structural model using a displacement-based finite element approach, 
similar to that employed in [25]. Linearized equations of motion are derived for undamped dynamic systems, with the 
stiffness matrix considering nonlinearities from cohesive constitutive laws due to damage, plasticity, and partial contact 
phenomena. The solution yields natural vibration frequencies and mode shapes, represented by the spectral and modal 
matrices, respectively, forming the “Modal Model” of the structural system, which must be updated for each damage level 
associated with varying loading and unloading states. 
In particular, the well-known second-order differential equation for the motion is expressed as follows: 
 

      ,stt t t   Mq K q q 0              (9) 
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being M  and K  are the symmetric and positive defined mass and tangent stiffness matrix, respectively.  tq  is a vector 

of order equal to the number of degrees of freedom of the considered system where the generalized nodal displacements 

are listed. The stiffness matrix K  is expressed as a function of the damage  ,st t  q  detected by the previously 

performed quasi-static analysis. The symmetric eigenvalue problem in free oscillations can be simplified into the following 
canonical form for the i-th mode: 
 

2
i i   K M u 0                (10) 

 

which provides N positive real solutions ( 2 2 2
1 2 N, ...   ), with N representing the dimension of the vector iu , denoting the 

natural vibration frequencies of the undamped system corresponding to the N real mode shapes. The solution of the free 
oscillation problem can be expressed in terms of spectral matrix   and modal shape matrix,   as follows: 
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The natural vibration frequencies are obtained through the following expression: / 2i if   , thus defining the so-called 
“Modal Model” which describes the structural system using its modal properties. 
  
 
NUMERICAL RESULTS  
 

n this section, the proposed numerical strategy has been employed to analyze the dynamic properties degradation of 
plain concrete specimens subjected to mixed-mode fracture conditions. In particular, two different tests are simulated. 
The former is a plain concrete specimen subjected to a pure Mode-I fracture condition, whereas the latter involves the 

general mixed-mode fracture condition. The main goal of the analyses is to study the damage effects on both load-carrying 
capacity and modal characteristics of the simulated concrete elements. 
 
Static and dynamic response of a concrete specimen under mode-I fracture conditions 
A three-point bending numerical test is performed involving a plain concrete beam whose geometry and boundary 
conditions, expressed as a function of height H = 0.2 m , are shown in Fig. 2(a). The elastic and strength properties of the 
beam were taken equal to those used in [46]. In particular, Young’s modulus and Poisson’s ratio of concrete are equal to 
E = 30 GPa  and = 0.18  respectively, while the cohesive parameters required by the interface law to simulate crack 
initiation and propagation are shown in Tab. 1.  
 

 
Figure 2: Geometry and boundary conditions (a); adopted finite element mesh (b) for the three-point bending test. 
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0
nK  

[N/mm3] 

0
sK  

[N/mm3] 
max  

[MPa] 
max  

[Mpa] 
IcG  

[N/m] 
IIcG  

[N/m] 
    

1.061e6 8.821e5 3.33 3.33 124 124 5 225 
 

Table 1: Cohesive parameters required by the cohesive traction-separation law. 
 
The values of the initial stiffnesses for the interface law have been calculated by means of the micromechanical calibration 
methodology proposed in [25] admitting an apparent reduction of the Young’s modulus of 2% for the adopted topology 
and size of the mesh. The mode II parameters, i.e. strength and fracture energy, have been chosen equal to mode I 
parameters in order to avoid over-resistance effects associated with artificial mesh-induced local mixed-mode state 
activation. It is important to note that, in order to reduce the computational effort, in the numerical simulations the cohesive 
elements are inserted only along the vertical line coinciding with the expected path of the main crack (Fig. 2(b)) due to the 
symmetry for both geometry and boundary conditions. An unstructured mesh (i.e. Delaunay), consisting of three-node 
planar elements for the solid phase, with a maximum elements size of 42 mm, and zero-thickness four-node elements, 
arranged along the vertical direction in a number of 30, for the cohesive interfaces, have been used for all simulations. 
Quasi-static loading/unloading analyses are performed under plane stress assumption using a displacement-based control 
algorithm with a displacement increment of 5e-3 mm. The obtained results, in terms of load-deflection curve, are reported 
in Fig. 3. In particular, at 6 load levels, evaluated as a fraction of the failure load, the tested specimen has been subjected to 
an unloading stage. They are denoted as: L1, L2, L3, L4, L5, and L6, corresponding to a deflection value of 0.3, 0.515 
(deflection at peak load), 0.55, 0.6, 0.8, and 1 mm respectively. The unloading paths have been stopped once a zero value 
of the load acting on the beam has been reached (points L1’, L2’, L3’, L4’, L5’, L6’ of Fig. 3).  
 

 
Figure 3: Load-deflection curve with the performed unloading paths. 

 
The obtained loading curve reflects the typical behavior of quasi-brittle materials with a linearly elastic branch until the peak 
load, followed by the softening behavior characterized by a fast reduction of the load level. We can note that, along the 
unloading paths corresponding to different damage levels in the softening branch, where the main crack is almost fully 
developed, distinct tangent stiffnesses can be observed. This reflects the model's capabilities to predict the intermediate 
contact state between open and closed cracks, as well as frictional effects resulting from the presence of aggregates that 
prevent complete crack closure. 
Subsequently, the dynamic response of the plain concrete specimen in the presence of damage, previously detected by the 
quasi-static analysis, is determined by solving the problem of free oscillations of small amplitude, superimposed on the fixed 
damage configurations.  The damage scenarios are associated with the final point of the unloading stages highlighted with 
red point in Fig. 3. The dynamic behavior in the regime of free oscillations is studied with reference to the damaged 
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framework reached during the unloading stage (points L1’-L6’ in Fig. 3). This configuration takes into account the contact 
phenomena, as well as the friction effects, due to the partial closure of cracks that occur during the unloading phase.  
Tab. 2 shows the variation of the natural vibration frequencies, obtained by the linearized modal analysis at the final point 
of the unloading branches, as a function of the damage, together with the relative percentage changes with respect to the 
undamaged configuration for each natural vibration mode. Since at the unloading phase, as previously explained, the 
stiffening effect of the partial crack closure is taken into account, the reduction of the natural frequencies is quite small. The 
maximum reduction value of 7.40% comes up at the last unloading stage for the 5th natural vibration mode. However, it 
should be noted that the damage configurations obtained once the peak load of the system has been exceeded, are difficult 
to achieve due to the unstable fracture process behavior of the specimen, which is typical in quasi-brittle materials like plain 
concrete beams (i.e. without any steel reinforcements). 
 

Damage 
Levels 

f1 
[Hz] 

Δf1/f01 

[%] 
f2 

[Hz] 
Δf2/f02 

[%] 
f3 

[Hz] 
Δf3/f03 

[%] 
f4 

[Hz] 
Δf4/f04 

[%] 
f5 

[Hz] 
Δf5/f05 

[%] 

Undamaged 77.23 0.00 245.19 0.00 379.94 0.00 671.05 0.00 974.13 0.00 

L1’ 77.23 0.00 245.19 0.00 379.94 0.00 671.05 0.00 974.13 0.00 

L2’ 77.01 0.28 245.19 0.00 379.93 0.00 668.77 0.34 973.76 0.04 

L3’ 76.82 0.53 244.71 0.20 378.87 0.28 665.71 0.80 962.87 1.16 

L4’ 76.62 0.79 243.76 0.58 376.82 0.82 663.63 1.11 945.34 2.96 

L5’ 75.86 1.78 241.97 1.31 369.54 2.74 656.05 2.24 922.70 5.28 

L6’ 75.15 2.69 240.48 1.92 364.76 4.00 653.08 2.68 902.04 7.40 
 

Table 2: Percentage variation of the natural vibration frequencies, as the damage level increases, in the unloading phase. 
 
The results in terms of degradation of natural vibration frequencies, normalized with respect to the value obtained for the 
undamaged configuration, are also reported in Fig. 4.  
 

 
 

Figure 4: Variation of the normalized natural vibration frequencies for the first five mode shapes as the damage level increases. 
 
In order to evaluate the effects of the progressive damage on the dynamic characteristic of plain concrete structures, the 
“Modal Assurance Criterion” (MAC) [47], has been used. Since the damage in structural elements induces a variation in the 
natural vibration modes, through the MAC values it is possible to obtain a scalar measure of the damage as a function of 
the correlation between the natural vibration modes before and after the damage occurrence. Such an indicator is expressed 
as follows: 
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             (12) 

 
where ,0i is the component vector in the undamaged configuration of the i-th vibration mode, while ,j d is the component 

vector in the damaged configuration of the j-th mode. Tab. 3 reports the MAC coefficients evaluated for the different 
damage levels. Such coefficients correlate the undamaged beam’s natural modal shapes for the first five modes with the 
corresponding damaged ones (L1’-L6’). These values provide a measure of consistency between the two sets of modal 
vectors, undamaged and damaged. A unit value of the MAC coefficient corresponds to a perfect correlation between the 
considered two modes, while a value approaching zero indicates a complete inconsistency between the analyzed modal 
shapes, thus highlighting damage in the considered configuration. The obtained MAC coefficients have been determined 
with a normalization of the vibration modes through the mass matrix.   
It is important to remind that all the modes are related to the unloaded condition. According to the results reported in Tab. 
3, we may note that as the level of damage increases, the correlation between the mode in the damaged configuration and 
the relatively undamaged one, decreases. This is evidenced by the diagonal coefficients of the MAC matrix (MACii), which 
increasingly diverge from unity as damage levels increase. 
 

Undamaged – L1’ 

1.0000 0.0944 0.0359 0.0008 0.0102 

0.0944 1.0000 0.6439 0.0315 0.0048 

0.0359 0.6439 1.0000 0.0240 0.0216 

0.0008 0.0315 0.0240 1.0000 0.1170 

0.0102 0.0048 0.0216 0.1170 1.0000 
 

 

Undamaged – L4’ 

0.9999 0.0938 0.0357 0.0008 0.0089 

0.0922 0.9999 0.6469 0.0338 0.0041 

0.0376 0.6469 0.9999 0.0236 0.0170 

0.0007 0.0311 0.0220 0.9980 0.1255 

0.0106 0.0057 0.0237 0.0945 0.9939 
 

Undamaged – L2’ 

1.0000 0.0944 0.0359 0.0008 0.0102 

0.0946 1.0000 0.6438 0.0313 0.0049 

0.0359 0.6439 1.0000 0.0241 0.0213 

0.0008 0.0315 0.0240 1.0000 0.1201 

0.0102 0.0048 0.0216 0.1167 1.0000 
 

Undamaged – L5’ 

0.9999 0.0944 0.0341 0.0006 0.0173 

0.0991 0.9998 0.6479 0.0199 0.0164 

0.0335 0.6431 0.9986 0.0345 0.0297 

0.0005 0.0333 0.0214 0.9928 0.2167 

0.0092 0.0065 0.0284 0.1502 0.9736 
 

Undamaged – L3’ 

1.0000 0.0944 0.0361 0.0008 0.0094 

0.0933 1.0000 0.6448 0.0324 0.0046 

0.0368 0.6452 1.0000 0.0239 0.0189 

0.0007 0.0311 0.0229 1.0000 0.1248 

0.0104 0.0051 0.0227 0.1053 0.9987 
 

Undamaged – L6’ 

0.9998 0.0938 0.0319 0.0007 0.0228 

0.1003 0.9995 0.6498 0.0176 0.0236 

0.0330 0.6406 0.9974 0.0361 0.0388 

0.0004 0.0359 0.0219 0.9877 0.2438 

0.0089 0.0073 0.0302 0.1635 0.9495 
 

 

Table 3: Modal Assurance Criterion (MAC) for the investigated damage levels with reference to the undamaged configuration. 
 
However, these deviations are not particularly significant; in fact, the maximum relative percentage deviation is 5 % and is 
found at the last damage level L6’ for mode number 5. Moreover, at the same damage level, the higher modes generally 
show less correlation than the others. On the other hand, as the level of damage increases, the correlation between different 
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modes increases, i.e. the off-diagonal MACij coefficients take on values gradually greater than the initial one due to the 
approximate orthogonality between modes. This behavior is related to the expression used for the evaluation of MACs 
coefficients (Eqn. (9)) that is evaluated with reference to a reduced number of degrees of freedom and displacement 
directions concerning those for which the orthogonality condition is imposed. 
Subsequently, to detect the damage position in the tested specimen, the modal curvature (MC) criterion [48] has been 

employed. In particular, the curvature "
ij  of the modal shape at the generic i-th coordinate, has been evaluated for each 

considered damage level, by using the following expression: 
 

( 1) ( ) ( 1)''
2

2i j ij i j
ijMC

h

  
   

              (13) 

 
where ij  is the displacement at the i-th coordinate of the j-th modal shape while h denotes the distance between two 

consecutive coordinates and set equal to 42 mm.  
Fig. 5 shows the MCs at the different damage levels in the unloading phase (L1’-L6’) for the investigated mode shapes 
considering 51 equidistant points located along the upper edge of the specimen, starting from the left-hand support. The 
values have been normalized with respect to the value of the maximum curvature obtained by the individual modes in the 
undamaged configuration. For each mode, as the damage level increases, the curvature shows an increasing peak in proximity 
to the crack. In particular, the curvature values deviate significantly from those obtained from the undamaged modal shape 
at points very close to the crack, resulting in noticeable changes in slope. This behavior becomes more pronounced as the 
level of damage increases, particularly when the crack is nearly fully developed, thus demonstrating the effectiveness of the 
proposed numerical strategy also in the detection of damage in plain concrete structures. 
 

 
Figure 5: Modal Curvature (MC) damage factor of the first five mode shapes for all investigated damage levels at the unloading phase. 



 
 
 

U. De Maio et alii, Frattura ed Integrità Strutturale, 68 (2024) 422-439; DOI: 10.3221/IGF-ESIS.68.28 
 

432 
 

Static and dynamic response of a concrete specimen under mixed-mode fracture conditions 
The proposed model is here employed to predict the degradation of modal properties of a concrete specimen subjected to 
general mixed-mode fracture conditions. The analyses refer to a non-symmetric three-point bending test involving a plain 
concrete notched beam experimentally analyzed by [49]. The geometry of the beam, expressed as a function of the beam 
height D equal to 75 mm, as well as the unstructured mesh used for the numerical simulations, are reported in Fig. 6. 
Assuming a linear elastic behavior for the bulk elements, a Young’s Modulus of E = 38 GPa and a Poisson’s ratio of 
ν = 0.20 have been set, according to the parameters reported in [49]. Tab. 4, instead, reports the inelastic parameters chosen 
for the cohesive interfaces. As shown in Fig. 6, in order to reduce the degrees of freedom of numerical simulations, the 
cohesive elements, highlighted in blue in Fig. 6(b), have been included only in the area where damage could potentially 
evolve. As performed for the mode I loading conditions test, a Delaunay tessellation, with a maximum size of 18 mm and 
2 mm for the bulk and cohesive elements respectively, has been used for the finite element mesh.   
 

 
Figure 6: Geometry and boundary conditions (a) and finite element mesh (b) used for the non-symmetric three-point bending test. 

 
 

0
nK  

[N/mm3] 

0
sK  

[N/mm3] 
max  

[MPa] 
max  

[MPa] 
IcG  

[N/m] 
IIcG  

[N/m] 
    

5.492e6 2.746e6 3.00 3.00 69 69 5 225 

Table 4: Cohesive parameters required by the adopted traction-separation law. 
 

A quasi-static numerical simulation to predict the static response in terms of load-carrying capacity, has been performed  
assuming a plane stress condition and a displacement-based control algorithm with an increment of 5e-4 mm. Similarly to 
that carried out in the mode-I fracture test, a loading/unloading process has been imposed on the concrete specimen. In 
particular, at 6 values of displacement of point B reported in (Fig. 6(a)), i.e., 0.01, 0.0575 (corresponding to the peak load), 
0.08, 0.12, 0.16 and 0.2 mm, 6 unloading stages, denoted as L1, L2, …, L6, are performed.  It is worth noting that, such 
unloading processes are performed by decreasing the load level down to 0 kN (reaching points L1’, … L6’) starting from 
the load levels corresponding to the previously-mentioned displacements of Point B.   
The obtained load versus displacement of the point B curve- is reported in Fig. 7. It can be seen that, at the final step of the 
first two unloading paths (L1 and L2), very small residual plastic deformations are predicted. On the other hand, considering 
the unloading paths starting from the load levels in the softening branch, the permanent residual deformations increase 
since the predicted crack is almost fully developed. Moreover, after a certain load level in the unloading path, we can note a 
stiffer structural behavior induced by the contact effects of the partially closed crack faces occurring in the cracked specimen. 
Such a static analysis has provided the damaged structural configurations (one for each considered damage level L1’, … L6’) 
on which the dynamic analyses were performed in order to assess the corresponding modal properties.   
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Figure 7: Load-displacement curve for the non-symmetric three-point bending test with the performed unloading paths. 

 
Now, a linearized eigenvalue problem has been solved at the endpoint of each unloading path in order to take into account 
the effects of the complex nonlinear phenomena, such as concrete plasticity and partial crack closure behavior, on the 
natural vibration frequencies. The obtained results in terms of frequencies and their variations with respect to the 
undamaged configuration are reported in Tab. 5. 
 

Damage 
Levels 

f1 
[Hz] 

Δf1/f01 

[%] 
f2 

[Hz] 
Δf2/f02 

[%] 
f3 

[Hz] 
Δf3/f03 

[%] 
f4 

[Hz] 
Δf4/f04 

[%] 
f5 

[Hz] 
Δf5/f05 

[%] 

Undamaged 632.86 0.00 2448.2 0.00 3423.5 0.00 5252.3 0.00 6696.2 0.00 

L1’ 632.86 0.00 2448.2 0.00 3423.5 0.00 5252.3 0.00 6696.2 0.00 

L2’ 601.79 4.91 2422.6 1.05 3230.3 5.64 5114.5 2.62 6674.7 0.32 

L3’ 581.09 8.18 2406.0 1.72 3191.7 6.77 5039.9 4.04 6653.1 0.64 

L4’ 588.6 6.99 2399.1 2.01 3190.3 6.81 5012.5 4.57 6623.5 1.09 

L5’ 567.27 10.36 2368.6 3.25 3071.9 10.27 4896.7 6.77 6582.6 1.70 

L6’ 546.21 13.69 2329.3 4.86 2988.7 12.70 4767.2 9.24 6545.2 2.26 

 
Table 5: Percentage variation of the natural vibration frequencies, as the damage level increases, in the unloading phase for the non-
symmetric three-point bending test. 
 
The reduction of the natural vibration frequencies is not monotonically increasing for higher vibration modes. In fact, as 
reported in Tab. 5, the greatest reduction occurs for modes 1 and 3, which have frequency variation values of 13.69% and 
12.70%, respectively. Such behavior is related to the peculiarity of the mixed-mode test of non-symmetric boundary 
conditions imposed on the analyzed concrete beam.  
As is well known, the frictional effects become more prominent in all those cases where mixed-mode loading conditions 
are employed. To this end, in addition to the analysis of the frequency degradation, an interesting comparison in terms of 
variation of natural vibration frequencies predicted by the proposed model and by the same model without taking into 
account frictional effects, is reported in Fig. 8.   
We can see that, the general trend is such that the contribution of the friction tends to increase the natural vibration 
frequencies and therefore to attenuate their degradation as the damage level increases, thus suitably simulating the real 
behavior of concrete structures. Such a behavior, is further pronounced by the contact between the crack faces characterized 
by a partial closure due to the presence of the aggregates. Small exceptions occur only for a few damage levels in some 
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vibration modes (see mode shapes number 1 and 4 of Fig. 9), characterized mainly by mode shapes that involve the free 
portion of the beam, beyond the left-hand support, and therefore do not involve the area affected by the growth of the 
damage. As a result, since the portion of the beam outside the cohesive zone is characterized by a linear elastic behavior, 
the friction effects are partially activated and are not high enough to generate a relatively large increase in the vibration 
frequencies. In fact, for the fourth mode, the frequency values associated with the cohesive model including the effects of 
friction are almost equal to those without ones.   
 

 
Figure 8: Normalized frequencies as the damage levels increase, of all investigated mode shapes: effects of the friction contribution on 
the cohesive mode II traction-separation law. 
 
Afterwards, the MAC coefficients have been evaluated through Eqn. (9) and reported in Tab. 6. As can be seen, perfect 
correspondence occurs only for the first load level; in fact, in this case, all contributions along the diagonal are equal to 1. 
On the other hand, as the damage level increases, the values of the diagonal coefficients deviate more and more from the 
unit value. Furthermore, the same table highlights the growing inconsistency between some of the analyzed mode shapes; 
in particular, the off-diagonal coefficients indicating the correlation between modes 2 and 5 decrease as the damage level 
increases, settling at zero from level L4’ onwards.  
In addition, the Modal Curvature (MC) for each vibration mode has been evaluated by using the previously explained Eqn. 
(10). In particular, 31 reference points, 11.25 mm equally spaced, have been located along the upper edge of the specimen, 
as depicted in Fig. 6a. Fig. 9 shows the obtained modal curvatures for the first 5 modes as the damage level increases. We 
can note that the variations of curvature values are concentrated in the region where the damage phenomena occur. 
Furthermore, the loading conditions imposed on the specimen lead to frictional forces that contribute to the expansion of 
the damaged area beyond the immediate vicinity of the macro crack. This broader understanding underscores the complexity 
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of structural deterioration and highlights the importance of comprehensive assessment methods in ensuring the reliability 
and safety of the material under consideration.  
 

Undamaged – L1’ 

1.0000 0.3658 0.1074 0.0137 0.0026 

0.3658 1.0000 0.2882 0.0014 0.0009 

0.1074 0.2882 1.0000 0.0815 0.0003 

0.0137 0.0014 0.0815 1.0000 0.8299 

0.0026 0.0009 0.0003 0.8299 1.0000 
 

 

Undamaged – L4’ 

0.9997 0.2021 0.1538 0.1582 0.0016 

0.3501 0.9645 0.2308 0.0234 0.0000 

0.1172 0.4610 0.9895 0.1187 0.0013 

0.0139 0.0036 0.0578 0.8214 0.8821 

0.0028 0.0033 0.0036 0.6296 0.9929 
 

Undamaged – L2’ 

1.0000 0.3926 0.1089 0.0144 0.0024 

0.3711 1.0000 0.2880 0.0020 0.0007 

0.1040 0.2635 0.9997 0.0871 0.0001 

0.0139 0.0012 0.0749 0.9998 0.8419 

0.0023 0.0006 0.0007 0.8272 0.9997 
 

Undamaged – L5’ 

0.9998 0.2444 0.1303 0.2220 0.0015 

0.3520 0.9811 0.2597 0.0112 0.0000 

0.1159 0.4121 0.9952 0.2388 0.0010 

0.0141 0.0027 0.0613 0.7332 0.8739 

0.0026 0.0027 0.0028 0.4332 0.9949 
 

Undamaged – L3’ 

0.9997 0.3602 0.1177 0.0585 0.0019 

0.3533 0.9994 0.2781 0.0004 0.0001 

0.1145 0.2913 0.9962 0.1078 0.0004 

0.0148 0.0015 0.0585 0.9583 0.8715 

0.0021 0.0007 0.0031 0.8199 0.9958 
 

Undamaged – L6’ 

0.9997 0.2405 0.1307 0.4954 0.0012 

0.3495 0.9792 0.2589 0.0506 0.0000 

0.1174 0.4151 0.9944 0.3144 0.0018 

0.0144 0.0022 0.0601 0.2252 0.8802 

0.0025 0.0033 0.0030 0.0458 0.9933 
 

 

Table 6: Modal Assurance Criterion (MAC) for the investigated damage levels with respect to the undamaged configurations for the 
non-symmetric three-point bending test. 
 
Additionally, the curves associated with the higher vibration modes present increasingly complex oscillatory trends; such 
behavior is most emphasized for the fifth vibration mode shape (see Fig. 9). As a matter of fact, as the level of damage 
increases, beyond the peak point at which the coalescence of different micro-cracks into a single macro-crack occurs, the 
curves deviate more and more from that representing the undeformed condition. It is important to remind, however, that 
the undamaged condition and the condition associated with the L1’ level, represented by the orange and black lines in Fig. 
9 respectively, are completely overlapping since, as can be seen from the displacement-load curve (Fig. 7), the first unloading 
path has been carried out for a displacement value that is still associated to a linear-elastic behavior.  
 
 
CONCLUSIONS 
 

n the present work, an improved numerical model to investigate the crack-induced degradation of the vibration 
characteristics in plain concrete structures has been presented. In particular, proper traction-separation laws adapted 
for cycling loading conditions including frictional effects, have been developed in order to capture the complex non-

linear phenomena induced by the load application, such as such as concrete plasticity, partial closure of the cracks, and 
aggregate interlocking. The proposed numerical method has been employed for two different numerical applications, a 
symmetric and a non-symmetric three-point bending test in order to analyze the structural behavior under mode-I and 
mixed-mode fracture conditions, respectively.  
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Figure 9: Modal Curvature (MC) damage factor of the first five mode shapes for all the investigated damage levels at the unloading phase 
(no-symmetric three-point bending test). 
 
The load-carrying capacity is predicted by performing a quasi-static analysis until the complete failure of the considered 
specimen. 6 unloading paths, from L1’ to L6’ have been performed starting to different load levels taken as a percentage of 
the failure load. At the final point of such unloading paths, associated with a zero value of the applied load, the eigenvalue 
problem for free oscillations of small amplitude has been solved, thus assessing the natural vibration frequencies. In the 
mode-I fracture analysis, the results showed a maximum reduction of the natural frequencies of approximately 7.40% for 
the 5th vibration mode. Furthermore, the evolution of the damage is such that it produces a progressive monotonic 
degradation of the vibration frequencies only for the odd-numbered modes. Such behavior is related to the fact that these 
modes, as shown by the deformed modal shapes in Fig. 8, involve the area in which the damage can develop, thus generating 
a mode-I progressive fracture growth.  
On the other hand, for the mixed mode fracture test, a different behavior has been found, such that the highest value of 
frequency reductions, around 13.69% and 12.70%, have been registered for mode 1 and mode 3 respectively, due to the 
non-symmetric boundary conditions imposed on the specimen. For this test, a comparison between the proposed model 
incorporating friction effects and the same model but without friction effects, was conducted. The results showed that, with 
the exception of some vibration modes that involve the free portion of the beam and do not affect the area within which 
the damage may grow, the natural vibration frequencies associated with the frictionless model are lower than those in which 
this effect has been taken into account; this results in less stiff elements that exhibit greater degradation of their own 
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vibration frequencies as the level of damage increases and for higher vibration mode shapes. Finally, the MAC- and MC-
based damage detection methods are used in order to establish a correlation between the undamaged/damaged vibration 
modes and to define the magnitude and location of damage for the different mode shapes.  
The obtained results have highlighted the computational capabilities of the proposed method to predict the static and 
dynamic structural behavior of plain concrete elements demonstrating its applicability in the framework of structural health 
monitoring. As a future perspective of this work, the proposed strategy could be inserted in a multiscale framework to 
capture the microscale effects induced by micro-crack evolutions and geometrical instabilities as rescontrated in composite 
materials [50,51] 
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