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INTRODUCTION  
 

uantifying the level of damage at the interior of a mechanically loaded system (either it is a specimen in the laboratory 
scale or a structure/structural element in the field), is among the issues that seriously concern the community of 
Structural Engineers, since it is inextricably linked to the system’s load carrying capacity and its structural integrity. 

The field developed to confront this issue, i.e., that of Structural Health Monitoring (SHM), is growing explosively 
worldwide and the technique mainly employed is that of the Acoustic Emissions (AE), the most mature and firmly founded 
one. Nowadays, the acoustic activity generated in a loaded structure is analyzed by means of a wide series of parameters (or 
combinations of parameters) including the production rate of acoustic hits or events, the cumulative counts, the rise time 
(or the rise time over the respective amplitude (RA)) of the acoustic hits, their average frequency (AF), the relation between 
RA and AF, the energy or the power of the acoustic hits, the b-values, the interevent time (IT) between successive acoustic 
hits or events, the distance (Euclidean) between the sources of successive acoustic events etc.  
An alternative approach for the exploitation of experimental data related to the acoustic activity was introduced recently, 
based on the theory of Non-Extensive Statistical Mechanics (NESM), a scientific discipline on the boundary between 
Mechanics and Physics. The principal characteristic of NESM is that it is developed in terms of a new class of entropies 
which violate the principle of additivity, the cornerstone of the traditional Boltzmann-Gibbs Statistical Mechanics (BGSM). 
A series of non-additive entropies have been introduced, however, the one that is nowadays most widely adopted is the Sq 
entropy, which was proposed about thirty-five years ago by Tsallis [1]. Sq has been employed successfully for the analysis of 
problems in a broad variety of disciplines either in laboratory [2, 3] or in-field scales (ranging from Strength of Materials, 
Seismology, and Earthquake Engineering [4] to Finance, Medicine and Social Sciences [5]).  
The concepts of NESM were recently applied in the direction of detecting pre-failure indices while brittle building materials 
(like marble and concrete) are submitted to mechanical loading schemes, including direct tension, three-point bending, 
compression, and diametral compression etc. [6]. Interesting conclusions were drawn from the temporal evolution of the 
entropic index q, namely the factor that quantifies the degree of non-additivity of a system according to the founding 
principles of NESM and the definition of Sq. More specifically it was highlighted that during loading the entropic index 
increases, moving gradually away from the limiting value of q=1 (the limit for which Tsallis entropy degenerates to the 
Boltzmann-Gibbs one). According to NESM, significant deviations of q from unity is attributed to well-organized processes 
of generation and development of networks of micro-cracks. Moreover, it was concluded that slightly before the applied 
load reaches its maximum value, q tends towards a global maximum around q≈1.40 (the exact value depends on the loading 
scheme and the material) and then it starts decreasing towards the q=1 limit. According to existing data [7], this tendency 
of q to re-approach the limiting value of q=1, is an indication that mechanisms leading to intense generation of macro-
cracks are activated, leading eventually to fatal propagation of these macro-cracks and to macroscopic fracture.  
Besides materials of almost “perfect” homogeneity like marble, materials with a certain degree of inhomogeneity (fiber-
reinforced concrete) were tested in that study [6] and, also, in a recently published one [8]. It is interesting to note that for 
these materials instead of a global maximum the temporal evolution of q at the very last loading stages was characterized by 
a global minimum which was attributed to the activation of an additional damage mechanism (which does not appear in 
homogeneous materials), namely the debonding between the concrete mass and the reinforcing fibers.   
In this context, an attempt is described here to study the acoustic activity developed in strongly non-homogeneous systems 
consisting of different materials. As a typical example, restored structural elements of the Temple of Parthenon on the 
Athenian Acropolis were considered. The specimens prepared for the experimental protocol simulated either fragmented 
epistyles restored by means of threaded bars of titanium and suitable cementitious material or blocks of marble which were 
mutually interconnected using “I”- or “Π”-shaped connectors made from titanium. The restored epistyles were subjected 
to bending while the interconnected marble blocks to a pure shear loading scheme.  
The acoustic activity developed in both cases was analyzed in terms of the IT intervals between any two successive acoustic 
events. Proper elaboration of the experimental data provided the temporal evolution of the entropic index q, which was 
considered in juxtaposition to the respective evolution of the applied load as well as to the average frequency of generation 
of acoustic events. It was indicated that the response of these complexes (which are characterized by the multiplicity of 
materials and the existence of macroscopically visible interfaces) is more complicated if compared to the respective one of 
specimens of macroscopically homogenous nature (like, for example, those made of fiber-reinforced concrete). However, 
interesting qualitative similarities were revealed. Indeed, q attains high numerical values from relatively early loading stages, 
reflecting the existence of mutually interacting systems due to the geometry and the multiplicity of materials, suggesting that 
the acoustic activity is more efficient to be analyzed in terms of NESM rather than of BGSM. Again, it is the existence of a 
global minimum (or minima) that designates entrance to criticality (i.e., stage of impending fracture), contrary to what was 
observed for specimens made of materials with “perfect” homogeneity (at least from the macroscopic point of view).  
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THEORETICAL PRELIMINARIES: BASIC CONCEPTS OF NON-EXTENSIVE STATISTICAL MECHANICS  
 

he word entropy (emanating from the Greek words εν+τρέπω, i.e., in+transform/change) was introduced by Clausius [9], 
who stated that “Every bodily system possesses in every state a particular entropy, and this entropy designates the preference of nature 
for the state in question; in all the processes which occur in the system, entropy can only grow, never diminish” [10].  Although Clausius 

did not define what entropy is, it could be deduced that entropy was inseparably connected to an unavoidable degradation of 
energy from a usable form into an unusable one. Later on, Maxwell indicated that the “entropy had to be a distinct physical property 
of a body and must be zero when completely deprived of heat” [11]. In other words, while heat transfer takes place in a system of 
bodies, the entropy of the system increases.  
In general, the idea persisting was that the absolute value of entropy cannot be determined (measured) and only its changes 
were determinable (“The entropy, like the energy, is, therefore, determinable only as regards its changes and not in absolute value” [12]). The 
impossibility of determining the absolute value of entropy was opposed by Boltzmann, Gibbs and Planck, who proposed a 
more detailed microscopic description of the concept [13], as: 
 

 


  
W

B i i
i 1

S k p ln p  (1) 

 

In Eqn.(1) W represents the overall number of (microscopic) configurations (a measure of disorder), pi are the probabilities 
corresponding to the above mentioned configurations (summing up to 1), and k is the familiar Boltzmann’s constant (con-
necting macroscopic thermodynamics to the microscopic perspective of Boltzmann/Gibbs/Planck). In case of equality of 
the probabilities (i.e., pi=1/W , i ), one obtains the familiar equation defining the so-called Boltzmann-Gibbs entropy, SBG: 
 

 BGS k ln W  (2) 
 

Eqs.(1, 2) reflect a fundamental issue of Physics, suggesting that the 2nd law of thermodynamics must be considered as an 
interconnection between probability and entropy and, therefore, its nature is purely statistical. Although at that era the 
microscopic perspective of entropy was not accepted “smoothly” by the scientific community (even Einstein was sceptic 
[14]), it became gradually one of the monumental pillars of Physics, and it has been applied successfully for more than a 
century, providing answers to numerous problems of Physics and Mechanics.  
BGSM is based on a series of simplifications (as it is, for example, ergodicity), which are well-acceptable for systems in 
which “…microscopic variables behave, from the probabilistic viewpoint, as (nearly) independent” [15]. However, it is well known that 
“…phenomena exist, in natural, artificial and social systems (geophysics, astrophysics, biophysics, economics, and others) that violate ergodicity. 
To cover a (possibly) wide class of such systems, a generalization … of the BG theory was proposed in 1988… based on nonadditive entropies” 
[15]. Among nonadditive entropies the one most widely used nowadays in the discipline of Mechanics is Tsallis entropy, 
which will be noted from here on as Sq. Assuming that a given variable X, for which the occurrence of any value Xi is 
described by the probability distribution pi, Sq is calculated as [1]: 
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where q denotes the “entropic index”, which is considered as a measure of the degree of non-additivity of the system. Indeed, 
for two subsystems I and II, it is concluded from Eqn.(3) that:  
 

          
   q q q q q

1 q
S I II S I S II S I S II

k
 (4) 

 
clearly reflecting the system’s non-additivity. q-values exceeding unity correspond to systems with sub-additivity, i.e., 
Sq(I+II)<Sq(I)+Sq(II). On the contrary, q-values which are smaller than unity correspond to systems with super-additivity, 
i.e., Sq(I+II)>Sq(I)+Sq(II). In addition, q is a measure of the non-extensivity of a system composed of non-independent 
subsystems, which exhibit memory effects and, in addition, they are characterized by long-range interactions. In this context, 
q is assumed to somehow reflect the system’s multi-fractality. 
It is nowadays accepted that systems with q deviating from unity are characterized by organized processes which are respon-
sible for the generation and development of networks of micro-cracks. On the other hand, systems described by q-values 
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close to unity are characterized by processes of intense generation and propagation of macro-cracks leading, eventually, to 
fatal disintegration [7].  
While dealing with Tsallis entropy it is convenient to employ the Cumulative Distribution Function (CDF) of the variable 
X. CDF is expressed in terms of the q-exponential function, expq(X), which is usually written as (see for example ref.[16]): 
 

      q qP X exp X  (5) 

 
where expq(X) is defined as follows: 
 

      
 


      

  

1

1 q

q
1 X qX , 1 X qX 0exp X

0, 1 X qX 0
 (6) 

 
In Eqn.(5) βq is an entropic parameter, depending on the nature of the system studied. Clearly, in case q→1, then expq(X) 
becomes the well-known exponential function. 
 
 
THE PROCEDURE TO EXPLORE THE ACOUSTIC ACTIVITY USING THE IT INTERVALS AND NESM  
 

o explore the acoustic activity developed in composite marble specimens (which simulate structural members of the 
Parthenon Temple) under various loading schemes (described analytically in next section), the temporal evolution 
of parameters defined by means of the NESM will be considered in this study. To achieve this target, time series of 

acoustic events which were recorded during the experimental procedure, were analyzed in terms of the IT intervals [17] 
between any two successive acoustic events, δτi, defined as: 
 

  i i 1 iδτ t t  (7) 
 
In Eqn.(7) ti, ti+1 correspond, respectively, to the time instants at which the ith and the (i+1)th events were recorded. 
Considering δτ as the X parameter of Eqn.(5), it has been proven experimentally [3, 16, 18, 19] that the CDF of the IT 
intervals obeys a q-exponential function into the form of: 
 

                

1
1 q

q q qP δτ exp β δτ 1 q 1 β δτ  (8) 
 

In Eqn.(8) the entropic parameter βq is defined as βq=1/τq. Its unit is that of inverse time (s-1), and τq is related to the average 

value   of the group of IT intervals used for the determination of their CDF P(>δτ), through the relation [16]: 
 

  
  


2

q

2 qδτ
B(2, ) q 1

τ q 1
 (9) 

 
In Eqn.(9) B(x,y) denotes the familiar Beta function determined as [20]: 
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The procedure adopted in order to describe the temporal evolution of the entropic index q and that of the entropic para-
meter βq, is shortly outlined as follows:  
 The acoustic events that were recorded during the whole loading procedure are divided into a number of k sub-groups, 

assuming a certain degree of overlapping among any two successive groups, as it will be explained below. The numerical 
value of k depends mainly on the total number of acoustic events that were recorded in each test. 

 As a second step, the IT intervals δτ of the AE events of each group are determined. 
 Then, the respective CDF P(>δτ) is plotted versus δτ for all the k groups of acoustic events.  
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 Finally, curve fitting (in terms of the differential evolution algorithm [21]), provides the numerical values of q and βq.   
 In addition, for each group of AE events, the mean value of the load applied is, also, calculated. 
In Fig.1 a typical example is considered highlighting the above-described procedure for the determination of q and βq. In 
this figure the CDF P(>δτ) (as it was determined for the first group of acoustic events of a typical test of the experimental 
protocol with shear loading of mutually interconnected marble epistyles) is plotted versus the IT interval δτ, and it is fitted 
by means of Eqn.(8). It is seen that, excluding a very short ‘tail’ at the end of the plot, Eqn.(8) fits excellently the experimental 
data, providing numerical values for q and βq equal to 1.50 and 1.69 s-1, respectively.   
 

 
 

Figure 1: The CDF P(>δτ) for a given group of experimentally determined IT intervals plotted versus the IT intervals, together with the 
respective fitting curve according to Eqn.(8). 
 
 
EXPERIMENTAL PROTOCOLS: MATERIALS, SPECIMENS AND THEIR MECHANICAL RESPONSE 
 

ll monuments of the Athenian Acropolis were constructed from Pentelic marble, a mountain in the Attika region, 
Greece. Considering that nowadays the exploitation of the specific quarries is not permitted (for environmental and 
cultural heritage protection reasons), the need for marble of the restoration project of the monuments of the 

Acropolis hill (in progress since 1981) are covered using Dionysos marble, the mechanical response of which is quite similar 
(if not identical) to that of the Pentelic marble. A synoptic description of the mechanical and physical properties of Dionysos 
marble can be found in earlier publications [22, 23].  
The specimens of all three protocols that will be discussed in this study were carefully designed and prepared by the 
experienced personnel of the Acropolis work site, in strict accordance with a pioneering restoration technique that has been 
developed by the scientific team working for the Acropolis restoration project. According to the specific technique, the 
restoration of damaged structural elements (and, also, the interconnection of independent structural members) is achieved 
using titanium connectors of various shapes, which are placed in holes or grooves (drilled or sculptured on the marble 
elements), which are then filled by a proper cementitious material. The reasoning behind these decisions and technical details 
concerning the practical application of the specific technique are analytically described in a series of milestone works (see, 
for example, refs. [22, 24, 25]).  
The above procedure results in complexes consisting of three elements (marble-titanium-cement paste) and three interfaces, 
namely, marble-to-cement paste, cement paste-to-titanium and marble-to-marble. The analysis of the mechanical behaviour 
of these complexes is quite challenging from the engineering point of view (and the same is true for their Structural Health 
Monitoring) since any damage mechanism is first activated at the above-mentioned interfaces and, therefore, information is 
required from the interior of the restored complexes. Analysis of the acoustic activity generated during mechanical loading 
of these restored elements is proven to be the most reliable tool that could offer a solution to the problem.   
 
Bending of an asymmetrically fractured and restored epistyle 
In this protocol, a copy of a typical epistyle of the Parthenon (at a scale of 1:3) was tested. It consisted of two asymmetric 
fragments (of trapezoidal profile), joined together by means of three pairs of bolted titanium bars of diameter 8 mm 
(threaded all along their length), which were driven in pre-drilled holes that were filled with liquid cement paste (as it is seen 
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in Fig.2a, in which the two fragments are shown while they are brought into mutual contact). The dimensions of the 
specimen and the position of three pairs of bars can be seen in Fig.2b. The anchoring length was 25 cm on either side of 
the fracture plane. The specimen was cured for one month. Afterwards, it was tested under ten-point bending by means of 
eight metallic rollers (and an improvised system of wide flange H-beams) and two marble cubes which simulated the capitals 
on which the epistyles rest in the actual conditions at the Parthenon Temple. A stiff servo-hydraulic frame (AMSLER, 6 
MN) was used to load the specimen. Its capacity was equal to 6 MN. The loading procedure was monotonic until the 
fracture of the epistyle. Displacement-controlled conditions were adopted, at a constant rate equal to about 0.3 mm/min. 
A photo of the specimen just after the fracture of the reinforcing titanium bars is shown in Fig.2c.  
For the detection and recording of the acoustic activity eight acoustic sensors (R15α, Mistras Group, Inc., New Jersey, USA) 
were used, properly attached at strategic points of the “epistyle” at either side of the interface of the two fragments. The 
displacements developed during loading were monitored using a 3D-Digital Image Correlation (DIC) system (LIMESS, 
Messtechnik & Software GmbH, Germany).  
 

 (a) (b) 
 

 
 (c) 
 

Figure 2: (a) The two fragments of the epistyle while brought in contact; (b) A sketch indicating the dimensions of the restored epistyle; 
(c) The epistyle after it was tested [26]. 
 
In Fig.3a the applied load is plotted against the displacement (deflection of the epistyle’s central section), while in Fig.3b the 
temporal evolution of the distance between the two fragments (at the bottom line of the epistyle and, also, at the levels of 
the two lower pairs of reinforcing bars) is plotted as it was obtained by the DIC system.  
Comparative consideration of the two figures reveals that the specific experiment can be divided into four, clearly 
distinguishable from each other, time intervals, marked with the same colour code in Fig.3a and Fig.3b: During the first 
interval the restored member behaves as a single structural element and the opening of the fault is negligible without any 
differentiation between the level (distance from the lower edge of the epistyle) at which the opening was measured by the 
DIC system. In the second interval considerable differences are recorded for the opening of the fault at the levels where 
each reinforcing pair is placed and the opening of the fault increases at an increasing rate. During the third interval the 
opening starts increasing quite rapidly until the instant of the local fracture of one of the epistyles corners, which results in 
an abrupt drop of the load imposed. Finally, during the fourth region the load “recovers” and increases further until the 
instant of rapid fracture of all the restoration bars. The epistyle’s response during the first interval is pretty well attributed 
to the response of the cement paste layer that was interposed between the faces of the two fragments to enhance their 
contact. In the second interval the action of the cement layer is eliminated and any additional load is undertaken exclusively 
by the reinforcing bars either elastically or plastically, depending on the position of each layer. Concerning the third interval, 
characterized as critical in Fig.3b, it is assumed that the distance between the fragments increases rapidly due to slippage  
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(a)  (b) 
 

Figure 3: (a) The bending load versus the displacement (deflection of the epistyle’s central cross section); (b) The temporal evolution of 
distance between the two fragments, at various heights, until the instant of local fracture of one of the epistyle’s corners. 
 
(i.e., pull-out) of the restoring bars (and of the cement layer surrounding them) from the body of the marble. As a result, 
the structure starts behaving as a mechanism and the two fragments exhibit a rotation tendency around the upper line of 
contact of the two fragments. Therefore, significantly increased compressive loads are exerted at the specific region, leading 
finally to abrupt fracture of the upper corner of the left fragment (see Fig.2c). From this instant on the stress field is re-
distributed rather arbitrarily until the instant of fracture of the reinforcing bars. 
 
Shear loading of mutually interconnected marble epistyles 
Again, all specimens of this second protocol were prepared and cured (in-situ) by experienced technicians of the Parthenon 
Temple work-site. They consisted of two blocks of marble (the first one of cubic shape and the second one of “Γ”-shape), 
which were joined together by means of either “I”- or “Π”-shaped connectors made of titanium, as it is seen in Fig.4a. The 
geometry and the dimensions of a typical specimen of this protocol with a “Π”-shaped connector is shown in Fig.4b. 
Grooves (of the shape of the connector) were sculptured on both blocks. Then the connectors were placed in the groove 
and it was either completely (for the case of the “I”-shaped connector) or partially (for the case of the “Π”-shaped con-
nector) covered with a proper cement mortar.  

 
(a)  (b) 
 

Figure 4: (a) Typical specimens to be loaded under shear. Connection is achieved by either an “I”-shaped connector (left) or by a “Π”-
shaped one (right); (b) The geometry and dimensions of the two interconnected blocks forming the “specimens”. 
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The extent of covering of the connector is proven quite crucial for the overall mechanical response of the specimens. In 
case the connector is fully covered the connections exhibit a very “brittle” response, while, on the other hand, leaving part 
of the connector uncovered (usually denoted as “relieving space”), at the interface of the interconnected members, offers 
increased “deformability” to the system [27].  Again, the specimens were cured for one month and then they were tested 
using an INSTRON servo-hydraulic loading frame the capacity of which was equal to 250 kN. The immobilization of the 
specimens and the application of the shear load were achieved by means of a specially improvised system. It consisted of 
metallic rods passing through holes drilled on the “Γ”-shaped block, at positions which were determined according to the 
experience of preliminary protocols (preventing local fracture of the blocks in the immediate vicinity of the holes and 
permitting parallel motion of the “Γ”-shaped block with respect to the cubic one) and metallic plates. Additional rods were 
used to immobilize the cubic block on the platform of the frame. 
The loading scheme was, again, monotonic, until either the fracture of one of the marble blocks or excessive distortion of 
the metallic connector. Displacement-controlled conditions were adopted, at a constant of 0.2 mm/min (a rate ensuring a 
quasi-static loading protocol). A typical specimen with “I”-shaped connector just after it was immobilized on the loading 
frame is shown in Fig.5a. A close view of a specimen with “Π”-shaped connector while prepared to be loaded and, also, 
while it is being loaded is shown in Figs.5b and 5c, respectively. 
The acoustic activity was, again, detected and recorded using eight acoustic sensors (of the R15α type, Mistras Group, Inc., 
New Jersey, USA). The sensors were properly attached (on both marble blocks) at points of critical importance, on the 
front- (Fig.5), the rear- and the lateral surfaces of the specimens. The distance between the two blocks was measured by 
two clip gauges (which were attached at the rear face of the specimens) and, also, by means of the 3D-DIC system (at the 
front surface). Typical fractured specimens can be seen in Figs.5(d,e). 
 

 
 (a)  (b) (c) 
 

 
 (d)  (e) 
 

Figure 5: (a) Typical specimen with “I”-shaped connector while loaded (a); Detailed view of a specimen with “Π”-shaped connector at 
the onset of loading (b) and just before fracture (c); Fractured specimens with “I”- (d) and “Π”-shaped connectors (e). 
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The response of two characteristic specimens is seen in Fig.6a, in which the applied load is plotted versus the displacement 
for: (a) a specimen for which the two marble blocks are interconnected using a connector of “I”-shape which is completely 
covered with cement mortar (denoted as “I”-CC), and, (b) a specimen for which the two blocks are interconnected with a 
“Π”-shaped connector, partially covered with cement mortar (i.e., a specimen with “relieving space”, denoted as “Π”-PC).  
 

(a) (b) 
 

Figure 6: The applied load against the respective displacement: (a) For a specimen with a completely covered “I”-shaped connector (“I”-
CC) and for a specimen with a partially covered “Π”-shaped connector (“Π”-PC). Close views of failed specimens are shown in the 
embedded photos, highlighting the differences in the deformation mechanisms. (b) For a specimen with a partially covered “I”-shaped 
connector (“I”-PC) [26].  
 
The most striking conclusion deduced from Fig.6a is the huge difference between the two specimens concerning their 
deformability. Indeed the “relieving space” of the “Π”-PC specimen renders the relative “translation” of the two blocks 
quite easier since the ductile metallic connector is freely distorted. On the contrary, for the completely covered connector, 
any shear distortion is prohibited and, therefore, the load is transferred in the form of compression to the cement layer 
interposed between the titanium connector and the marble blocks and between the two marble blocks themselves. The 
response of the latter class of specimens is almost perfectly linear (Fig.6a, blue line), reflecting mainly the linear nature of 
the brittle cement layer, since the metallic connector cannot be deformed freely and therefore it remains in its linear region 
of response for the major part of loading. On the other hand, the quite “complex” response of the “Π”-PC specimen, 
(Fig.6a, red line) reflects the different deformation mechanisms activated, including mainly the serious shear deformation 
(initially elastic and then plastic) of the connector and secondary the compression of the cement layer and the marble blocks. 
It is interesting to observe the response of a specimen of identical geometry to the one studied here (and under the same 
loading scheme), the two blocks of which are connected with a partially covered “I”-shaped connector (encoded as “I”-
PC), shown in Fig.6b. The similarity with the “Π”-PC specimen is obvious, suggesting that the shape of the connector 
influences the ultimate load sustained, however the sequence of the mechanisms activated are not seriously affected. 
 
 
ANALYSIS OF THE EXPERIMENTAL RESULTS USING THE CONCEPTS OF NESM  
 
Bending of an asymmetrically fractured and restored epistyle 

uring this experiment, the number of acoustic events recorded was Ν=1038. It was decided to divide them into 
k=10 groups as follows: The first group contained the first n=200 acoustic events. To obtain the second group a 
“sliding window” procedure was adopted with the sliding step being equal to n/2=100 acoustic events. Therefore, 

the second group contained 200 acoustic events starting from the 101st up to the 300th one and so on. Obviously, the 10th 
group contained only 138 acoustic events (namely from the 901st up to the 1038th one). 
As a first step of the analysis, the time parameter τ was determined, for each one of the k=10 groups, as the average of the 
n time intervals at which each one of the events of this group was recorded. Then, the numerical values of the Cumulative 
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Distribution Function, P(>δτ), were calculated and plotted versus the respective IT intervals, δτ. The (P(>δτ), δτ) curve of 
each group is then numerically fitted by means of Eqn.(8) (as it was shown as an example in Fig.1). In this way, k=10 
numerical values were determined for q and βq. As a last step, the average frequency of generation of events, as it is quantified 
by the F-function [28-31], was determined for each one of the k groups, as: 
 

 
1

F
δτ

 (11) 

 

where δτ denotes the average of the n IT of the events in each group.  
It should be highlighted here that combination of Eqn.(11) with Eqn.(9) yields an interesting relation between the F-function 
and the entropic parameter βq in terms of the entropic index q as: 
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 (12) 

 

In case q→1 (i.e., assuming that the phenomena considered are described by Boltzmann-Gibbs Statistical Mechanics) it is 
obtained that F=βq. On the other hand, for phenomena characterized by sub-additivity (i.e., for q>1, as it is the case of the 
experiments that will be considered in the present study), for example, for q=1.5 then F=0.5βq. 
Further details about the temporal evolution of q, are obtained from Fig.7, in which q is plotted in terms of the average time 
τ, in juxtaposition to the temporal evolution of the applied load. It is noticed that q is systematically higher than unity. In 
others words, the system (complex of marble, titanium and cement paste) is characterized by sub-additivity (recall that for 
systems with sub-additivity their entropy is smaller compared to the sum of entropies of the constituent sub-systems). 
Regarding its numerical values, Fig.7 indicates that during the early stages of the loading procedure (namely, for the first 
group of acoustic events) q attains increased values, equal to q≈1.58. It is thus concluded that during these early stages the 
mechanisms of damage, which are activated within the loaded epistyle, are characterized by quite increased organization 
level (especially for homogeneous materials, this behaviour could be translated to high organization level of the processes 
responsible for the generation and development of networks of micro-cracks all over the loaded specimen, without 
significant deviations from a kind of spatially uniform generation of sources of acoustic events).  
 

 
 

Figure 7: Temporal evolution of q, in juxtaposition to that of the applied load. 
 
Gradually, and while the load increases towards its local maximum (equal to about L=320 kN, attained at τ=1145 s), the 
value of the entropic index decreases, tending to a minimum (global minimum), which is equal to q=1.09. According to the 
basic principles of NESM, this, almost systematic, decrease of the q-values towards the critical limit of q=1, is a clear hint 
that the individual constituent sub-systems, which are formed at the interior of the principal system (in this case the restored 
epistyle), are now characterized by a decreasing degree of mutual interaction. Moreover, as q tends to the limit of q=1, the 
mechanisms of damage, which are activated within the structure under load, are characterized by a gradually decreasing 
organization. In other words, the damage mechanisms are not activated uniformly all over the system but rather areas of 
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strong concentration of damage nuclei are formed (areas of intense generation and coalescence of micro-cracks), areas at 
which macroscopic fracture is impending. The latter is well supported by observations [32] according to which for strongly 
inhomogeneous materials, q-values tending to one indicate generation of an extensive network of cracks. 
Focusing again on the response of the epistyle under study it is confirmed that the minimum value of q, which is attained 
at τ≈1060 s, provides a clear warning signal about an upcoming macro-fracture, which was indeed observed about 70 s later 
(at τ≈1130 s), in the form of local fracture of a corner of one of the two restored fragments. From this instant on, the value 
of q increases again quite rapidly attaining a level equal to q=1.61, reflecting the sudden relief of the stress field due to the 
abrupt load decrease caused by the local macro-fracture. It would be interesting to further enlighten the interval after the 
load starts recovering, however for this to be achieved an increased number of groups of acoustic events should be 
employed. In any case, assuming that the instant of criticality is the fracture of the epistyle (even though it was local) it can 
be concluded that the decreasing trend of q towards values approaching unit may be considered as an interesting signal 
(warning relatively early) for impending catastrophic fracture. 
Concerning the entropic parameter βq and the average frequency, F, of production of acoustic events, their temporal 
evolution is plotted in Fig.8, again, in comparison to the respective evolution of the applied load. It is interesting to observe 
that, in the criticality region (as it was determined with the aid of the evolution of q), both quantities start increasing rapidly, 
while before this region their variations were almost negligible, for both βq and F. This rapid increase tendency is terminated 
at the instant of fracture of the fragment’s corner, reflecting again the instantaneous relief of the stress field. 
 

 
 

Figure 8: The temporal variation of the entropic parameter βq and of the average frequency of generation of acoustic events in juxta-
position to the respective evolution of the load applied. 
 
Shear loading of mutually interconnected marble epistyles: Specimen with completely covered “I”-shaped connector  
During this experiment, the number of acoustic events recorded was Ν=1091. They were divided into k=9 groups. The 
first group included the first n=220 successive acoustic events. The second group was obtained by means of the “sliding 
window” procedure described previously, with the sliding step being now equal to n/2=110 acoustic events. Therefore, the 
second group contained 220 acoustic events starting from the 111th up to the 330th one and so on. As a result, the 9th group 
contained only 211 events (from the 880th up to the 1091st one). Adopting the procedure for exploring the acoustic activity 
using IT intervals and NESM (as it was applied while studying the bending of the asymmetrically fractured and restored 
epistyle) the k values of q, βq and those of the mean frequency of generation of acoustic events, F, were determined.  
The temporal variation of the entropic index q is plotted in Fig.9 against the average time τ, in comparison to the respective 
evolution of the applied load. It can be seen from this Fig.9 that the loading procedure is divided into three regions, 
according to the changes of slope of the load-time plot. In the first region, covering the 0 s <τ< 430 s interval, the load 
applied is undertaken elastically by the titanium connector, while the cement layer is compressed between the connector 
and the marble. The field of stresses that is developed in the marble blocks is quite low compared to its critical limits. In the 
second region, covering the 430 s <τ< 700 s interval, the connector has failed and entered into its hardening regime 
undertaking the additional load inelastically, while the cement layer is still under intense compression. Finally, in the third 
region, covering the 700 s <τ< 875 s interval, the load applied causes intense micro-cracking, also, within the marble blocks. 
In this context, it is concluded (taking into account, also, the spatial distribution of the sources of the acoustic events, as 
provided by the system of the eight acoustic sensors) that the acoustic activity in the first two regions is attributed to diffuse 
micro-cracking of the layer of cement paste, while in the third region the acoustic activity is enhanced due to intense micro- 
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Figure 9: The temporal evolution of q in comparison with the respective one of the applied load, for the shear loading of a specimen 
with a completely covered “I”-shaped connector. 
 
cracking also of the marble blocks (the latter, however is not diffused, but rather it starts being accumulated in the vicinity 
of the corners of the connector’s flange in the moving marble block, i.e. the “Γ”-shaped one).  
The above argumentation is clearly reflected in the temporal evolution of q. At early loading stages, covering, in fact, the 
first region of the loading procedure, q attains high values of the order of q=1.57, indicating the existence of sub-systems 
(in this case the cement layers), within which organized processes of generation of networks of micro-cracks appear. 
Gradually, q decreases, attaining a global minimum, equal to about q≈1.03, quite close to the critical limit of q=1. It is thus 
indicated that at these loading levels processes of intense coalescence of the networks of micro-cracks have started, leading 
eventually to macroscopic fracture. Therefore, it can be said that at the instant τ≈700 s the loaded system is almost ready to 
enter into its critical stage, namely, that of impending catastrophic fracture.  
The temporal evolution of the entropic parameter βq and that of the average frequency, F, of production of acoustic events 
which is plotted in next Fig.10 (in comparison with the respective temporal evolution of the applied load) supports the 
conclusions drawn. Indeed, after the instant τ≈700 s the acoustic activity becomes much more intense up to the instant of 
fracture of the moving marble block (see Fig.5c), providing an additional index that the system under consideration has now 
entered into the stage of impending macroscopic fracture. 
 

 
 

Figure 10: Temporal variation of βq, and that of the average frequency, F, of production of acoustic events, in comparison with the 
respective one of the applied load, for shear loading of a specimen with completely covered “I”-shaped connector. 
 
Shear loading of mutually interconnected marble epistyles: Specimen with partially covered “Π”-shaped connector 
Taking into account the complicated response of the specific class of specimens, it was deemed necessary to take advantage 
of additional data (in this case the data obtained by the DIC system), in order to understand the sequence of mechanisms 
activated. In this direction the horizontal displacement of some strategic points of the movable block (the “Γ”-shaped one) 
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(see Fig.11a) was determined. The horizontal displacement of point 2 is plotted in Fig.11b and the respective ones of points 
3 and 4 are plotted in Fig.11c. It is seen that up to about 2200 s the horizontal displacement of point 2 is almost zero. In 
other words, the “Γ”-shaped block moves almost vertically (parallel to the load direction) and the load is undertaken by the 
metallic connector, which due to its distortion starts compressing the cement paste layer.  
Similar conclusions can be obtained from the horizontal displacement of points 3 and 4, which are of opposite sign (Fig.11c), 
indicating that while being settled, the movable block exhibits initially a clockwise rotation tendency and then it moves 
vertically upwards. After the instant t≈2200 s, the “Γ”-shaped block starts moving, also, horizontally, obviously due to the 
excessive yielding of the connector and the fragmentation of the cement layer. Therefore, the inclination of the load-
displacement plot is significantly reduced (see Fig.6a). Diversifications are observed at about t≈5500 s, an instant at which 
the horizontal displacement of point 2 starts increasing rapidly after a period that it was stabilized, and the same is true for 
the horizontal displacements of points 3 and 4 
Considering, in addition, the difference between the displacements along the vertical direction of points 1 and 2 (located on 
either side of the connector), which is drawn in Fig.11d, it is seen that at about t≈5500 s this difference starts increasing 
rapidly, indicating that the cement layer is decomposed from the marble block (see Figs.5d and 11a) and soon afterwards at 
about t≈6100 s the specific difference starts increasing quite abruptly indicating that the block is about to be fractured into 
two parts, as it finally happened at t≈6590 s. Recapitulating, the loading procedure for the specific class of specimens, can 
be roughly divided into three distinct regions, i.e., 0 s <t< 2200 s, 2200 s <t< 5500 s and 5500 s<t< 6590 s.  
The number of acoustic events recorded during this test is equal to N=21422, impressively increased compared to the 
previous tests discussed (well attributed to the much longer duration of the specific experiment which approaches 6500 s). 
The acoustic events were divided into k=22 groups. Each group (excluding the last one) contained n=1000 acoustic events. 
Then, following the procedure for exploration the acoustic activity using the IT intervals and NESM (as it was applied for 
the study of the asymmetrically fractured and restored epistyle) the numerical values of τ, q, βq and F were determined for 
the k=22 groups. 
 

 
 

Figure 11: (a) A close view of the area in the vicinity of the interfacial line of the two blocks of marble and the points considered in the 
analysis; (b) The horizontal displacement of point 2; (c) The horizontal displacement of points 3 and 4; (d) The difference of the 
displacements along the vertical direction of points 1 and 2. 
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The temporal evolution of q versus τ is plotted in Fig.12, in juxtaposition to that of the applied load. It is seen, that initially, 
q attains high values, starting from a level equal to about q=1.50, in good accordance with the initial values of q determined 
in the previous two protocols. Gradually the values of q decrease towards the critical limit of unity. A first local minimum, 
equal to q=1.07, is attained at τ≈1900 s. Then, the decreasing trend of q is temporarily interrupted until τ≈2200 s, i.e., the 
instant at which the “Γ”-shaped block starts moving, also, horizontally, due to yielding of the connector and fragmentation 
of the cement layer (designated by the reduced slope of the load-displacement plot). After attaining the global minimum 
value q≈1.04 (at τ≈2500 s), q starts increasing again, almost linearly. It attains a local maximum value, equal to about q≈1.21, 
at τ≈5300 s (recall that this instant corresponds to the instant at which the difference between the displacements of points 
1 and 2 along the vertical direction starts increasing quite rapidly, as it was seen in Fig.11d). Ignoring quantitative details, it 
is interesting to observe that at both time instants, at which changes in the interaction between the constituent parts of the 
specimen were indicated by the DIC system, the entropic index q approaches the critical limit of unity.    
 

 
 

Figure 12: The temporal evolution of q in juxtaposition to that of the applied load for the shear loading of a specimen with a partially 
covered “Π”-shaped connector. 

 
As a next step, the temporal variation of the acoustic activity is considered in terms of the entropic parameter βq and the 
average frequency of production of acoustic events F. In Fig.13 both βq and F are plotted versus τ, together with the applied 
load. It can be observed that the acoustic is intensified smoothly (however, with strong local fluctuations) almost during the 
whole loading procedure, excluding the very last interval (i.e., the 5200 s<τ<6590 s one) during which it starts increasing 
according to a steeper manner. The fact that the acoustic activity appears intense from very early loading stages is well 
attributed to both shear effects (namely the friction developed between the two blocks of marble) and, also, to the micro-
cracking of the cement layer that is squeezed between the connector and the marble bodies. 
 

 
 

Figure 13: The temporal variation of the entropic parameter, βq, and of the average frequency, F, of production of acoustic events, in 
juxtaposition to that of the applied load for the shear loading of a specimen with partially covered “Π”-shaped connector. 
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DISCUSSION AND CONCLUSIONS 
 

n the present work, the acoustic activity that was developed in two quite different types of marble structures (from the 
geometrical and the loading points of view) was analyzed, taking advantage of concepts based on the NESM, aiming 
mainly to detect possible pre-failure indicators. The specific approach, i.e., the analysis of the temporal evolution of the 

acoustic activity using NESM concepts has been already adopted by the authors’ team for the data obtained from previously 
published experimental protocols, in which homogeneous specimens were tested under various loading schemes [6, 8]. 
In ref.[6] Dionysos marble plates (a marble variety with remarkably high homogeneity [33-35]) were submitted to direct 
tension while in ref.[8]  Dionysos marble beams were submitted to three-point bending. The analysis of the acoustic activity 
using NESM concepts revealed that at the initial load stages the entropic index q attains values very close to the critical limit 
of unity. As the load increased, the entropic index increased, also, approaching a global maximum in the area of 
1.35<q<1.41. This maximum value of q was attained either at the instant of load maximization or very slightly before this 
landmark instant. From this instant on, q started decreasing until the disintegration of the specimen. This response is 
reflected in Fig.14, in which the temporal variation of the entropic index is plotted versus the “time-to-failure” parameter, 
tf-t (tf is the time instant of the specimen’s fracture), for a notched beam made of Dionysos marble under three-point 
bending (Fig.14a) and for a double edge-notched Dionysos marble plate under direct tension (Fig.14b).  
 

 
 (a)  (b) 
 

Figure 14: The entropic index and the applied load versus time-to-failure, for notched marble specimens (a) under three-point bending 
[8], and (b) under uniaxial tension [6]. 
 
For the first configuration q is maximized about 10 s before fracture while in the second one the maximization of q is 
observed about 2 s before macroscopic fracture. Thus, it can be said that the increased homogeneity of the loaded specimen 
renders description of the initial damage processes more efficient in terms of Boltzmann-Gibbs statistical mechanics, since 
at the very early loading steps the formation of sub-systems interacting with each other is not as yet achieved. As the load 
increases, discrete networks of microcracks are developed (enhanced, also, by the presence of the notch, which is a factor 
prohibiting uniform distribution of the micro-cracks developed) and therefore NESM becomes now more efficient for the 
analysis and understanding of the process of damage.  
Moving away from the almost “perfect” homogeneity of Dionysos marble, concrete beams (either plain or reinforced with 
metallic fibers) were tested [8]. The beams were loaded under three-point bending. The evolution of the entropic index q in 
terms of the “time-to-failure” is plotted in Fig.15a (for the plain beams) and in Fig.15b (for the fiber reinforced ones). It is 
seen that for both cases the entropic index attains quite high values, in the 1.75<q<1.85 regime, already from very early 
loading stages. It is thus suggested that the pre-existing material inhomogeneity of the concrete, which is made of aggregates 
in a cement matrix, enhances the generation of mutually interacting sub-systems already from the beginning of the loading 
procedure, and, therefore, the description of damage accumulation in terms of the Tsallis entropy rather than in terms of 
the Boltzmann-Gibbs one, appears imperative. 
Besides this quantitative difference of the response of concrete beams (in relation to that of Dionysos marble), another 
quite interesting feature of the temporal variation of q is deduced from Fig.15b: The numerical values of q start decreasing 
towards a global minimum value (which is equal to q≈1.09), suggesting that mutually interacting sub-systems of microcracks 
are gradually substituted by a uniformly distributed network of micro-cracks.  

I
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 (a)  (b) 
 

Figure 15: The entropic index and the applied load versus time-to-failure for notched beams made from concrete subjected to three-
point bending. (a) Plain beams and (b) Beams reinforced with metallic fibers [8]. 
 
However, this decreasing tendency is terminated about 10 s before macroscopic fracture, an instant corresponding to the 
initiation of fatal propagation of the front of a macro-crack (see ref. [8]) and therefore the damage process ceases being 
uniform and subsystems of damage nuclei are developed now around the reinforcing fibers located on either side of the 
propagating front which keep the two fragments in place. As a result, the values of q start increasing again up to the macro-
scopic fracture of the specimen given that the damage process remains spatially non-uniform. 
The specific response of q for the fiber reinforced concrete beam is quite compatible to the one described in the present 
study: The entropic index attains values well beyond the critical limit of unity (in the very narrow regime of 1.51<q<1.58) 
in spite of the quite different systems studied (bending of restored epistyles and shear of two mutually interconnected blocks 
of marble), indicating that the existence of distinct subsystems (marble blocks, cement layer and metallic bars or connectors) 
suggests the use of NESM as the optimum tool for the description of damage accumulation. The development of networks 
of micro-cracks all over the extent of the constituent blocks reduces gradually the non-uniformity of the processes, resulting 
in a decrease of q towards the limiting value of unity. However, well before the final failure of the composite structure, q 
starts increasing again as a result of the fact that it entered into its critical stage, namely that of impending fracture, and the 
consequential development of discrete subsystems within the loaded structure.  
Recapitulating, it can be concluded that when the entropic index attains global extremum values the damage processes and 
the respective damage mechanisms, which are activated within the loaded structure (either of complex nature with pre-
existing sub-systems or of homogeneous nature in which the sub-systems are formed and gradually developed), exhibit 
qualitative changes. In this context, considering the temporal variation of the entropic index in comparison with the 
respective variation of complementary parameters, which somehow quantify the intensity of the acoustic activity (for 
example, the frequency of production of acoustic events or the F-function), provides more accurate insight about the level 
of damage that is accumulated within the loaded structure, or, equivalently, it highlights interesting information concerning 
its current load carrying capacity, independently of whether it is homogeneous or not.  
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