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INTRODUCTION  
 

anostructures are objects that range between 1nm and 100nm in at least one dimension.  A zero-dimensional (0D) 
nanostructure has a nanometer scale in each direction of the three axes of an orthogonal reference frame (examples 
include nanoparticles, quantum dots and nanodots); a one-dimensional (1D) nanostructure has a nanometer scale N 
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only in two directions (examples include nanowires, nanotubes, nanorods and nanobeams); a two-dimensional (2D) 
nanostructure has a nanometer scale only in one direction (examples include nanofilms, nanolayers and nanocoatings). 
Although nanostructures have the same composition as the known materials in the bulk form, they generally have different 
physical, chemical and mechanical properties.  Such properties change as their dimensions approach the atomic scale (that 
is, 1nm, being the atomic scale characterized by dimensions lower than 1nm).  This is due to the surface area to volume 
ratio increase, resulting in material surface atoms dominating the material performance. 
These nanostructures find application in new devices required by emerging research fields of nanotechnology, since 
nanostructures inside nanodevices are essential to their operations [1].  Examples are: nanoenergy, harvests nanomechanical 
resonators, nanoscale mass sensors, biological tissues, and electromechanical nanoactuators [2]. 
Moreover, nanostructures find application in composite materials, where one or more phases, having a nanometer scale, are 
embedded in a matrix.  In terms of their matrix, nanocomposites are generally classified as [3]: ceramic-matrix [4-12], metal-
matrix [13-21] and polymer-matrix nanocomposites [22-28].  More recently, research on cement-based materials (including 
concrete, mortar and cement paste) [29-35] has been trying to exploit the synergies that nanostructures can provide in terms 
of both improvement of their performance and acquisition of “smart” functions, making cement-based products become 
electric/thermal sensors or crack repairing materials [36]. 
In such a scenario, by focusing the attention on 1D nanostructures and more precisely on nanobeams, it is worth noticing 
that size-dependent continuum mechanics theories (named Generalised Continuum Theories, GCTs) have been proposed 
to explain the aforementioned size-dependent mechanical behaviour.  Among them, the Stress-Driven nonlocal Model 
(SDM) has been recently employed to solve different engineering problems related to nanobeams without cracks, such as: 
static response [37,38], dynamic response [39-43], and buckling [44].   
However, during thinning and machining processes of nanostructures, cracks are easily induced on their surface, becoming 
one of the failure sources when external forces are applied [45]. 
Therefore, in the present paper, the mechanical behaviour of edge-cracked nanobeams under Mixed-Mode loading is 
analytically investigated by exploiting the aforementioned SDM within the Euler-Bernoulli beam theory.  In particular, 
according to the proposed formulation [46], the nanobeam is divided into two beam segments, linked through a massless 
spring at the cracked cross-section.  The spring stiffness is computed by employing firstly the Griffith energy criterion, and 
then the conventional Linear Elastic Fracture Mechanics (LEFM), as long as the crack length is assumed to be greater than 
a critical crack size, so ensuring that LEFM does not breakdown.  The transverse displacement is computed by exploiting 
the SDM for each beam segment.  The formulation is then applied to simulate some experimental tests available in the 
literature [47-49].   
The paper is organized as follows.  In Section 2, the proposed formulation is outlined, whereas such a formulation is applied 
to a cantilever nanobeam in Section 3 and a parametric study is performed.  In Section 4, the accuracy of the formulation is 
proved by comparing the analytical results with some data available in the literature.  The main conclusions are summarized 
in Section 5. 
 
 
FORMULATION FOR EDGE-CRACKED NANOBEAMS 
 

et us consider the edge-cracked nanobeam shown in Fig. 1(a), characterized by length L, thickness B, height H, with 
a crack of length a, whose center is located at a distance L1 from the left-hand side of the nanobeam.  The crack 
orientation is defined by the angle , measured with respect to the direction perpendicular to the beam axis. 

The cracked nanobeam is modelled by two beam segments, linked through a massless elastic rotational spring with a stiffness 
k (Fig. 1(b)). 
According to the SDM and under the Euler-Bernoulli hypothesis, the transverse displacement due to loads acting 
perpendicular to the beam axis can be determined by the following two equations [46] together with two constitutive 
boundary conditions and six continuity conditions: 
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where v1 and v2 are the transverse displacements of the left and right beam segments, respectively, I is the moment of inertia, 
E is the elastic modulus, M1 and M2 are the bending moments related to the left and right beam segments, respectively, and 
Lc is the material internal characteristic length (0.0<Lc/L≤). 
 

 
 

Figure 1: Edge-cracked nanobeam: (a) undeformed configuration and (b) schematisation according to the present formulation, both in 
the undeformed and in the deformed configuration. 
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 is the averaging special kernel, computed as follows: 
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Note that further four boundary conditions at the beam ends are required to obtain a unique solution of the above elastic 
problem. In particular, for the case of a cantilever nanobeam with the free end in correspondence of x=L, such four 
boundary conditions are given by: 
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being F the force applied at the free end, acting along the y-axis (see Fig. 1(b)).  
The spring stiffness is computed by firstly exploiting the Griffith energy criterion, so that the compliance of a cracked plate 
under bending is derived as a function of the energy release rate, G.  Then, the conventional LEFM is applied in order to 
express G as a function of the stress-intensity factors, KI and KII.  It is worth noticing that such an approach is valid as long 
as the crack length is greater than a critical crack size.  An example of the calculation of such a size is reported in Ref. [46], 
related to a single crystal of a silicon diamond-cubic structure, by obtaining a value of 15nm.  For crack lengths greater than 
such a value, the LEFM continuum assumption, which postulates the presence of a large number of atoms in the vicinity 
of the crack tip, is not violated. 
Therefore, the spring stiffness is given by: 
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being v the Poisson ratio, =a/H the relative crack depth, and FI() and FII() the correction functions for a given crack 
orientation, given by: 
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The functions fI and fII, for a given crack orientation , can be numerically obtained or, alternatively, empirical relationships 
available in the literature can be exploited [50-52]. 
It was experimentally found that, even in the case of beams with a height of the order of microns, size effect could be 
observed [53,54].  More precisely, the bending rigidity significantly increased, with respect to the classical one, when the 
height was decreased towards values of the same order of magnitude of the material microstructural sizes. 
Therefore, regardless of the cross-section sizes (that is, even in the case of B and H greater than 100nm, being such a limit 
set by the 1D nanostructure definition), the above formulation can be conveniently applied in order to take into account 
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the size-dependent behaviour of small-scale structures, which is strongly needed even more as the cross-section sizes 
approach the material microstructural ones. 
 
 
THE CASE OF A CANTILEVER NANOBEAM: A PARAMETRIC STUDY 
 

et us consider a nanobeam made of an aluminium alloy with elastic modulus E=70GPa and Poisson ratio =0.33.  
The geometric parameters characterizing the nanobeam are: L/H=20 and B=H/2.  More precisely, L is equal to 
150µm and the internal characteristic length is assumed as Lc=15µm (being such a value consistent with the average 
grain size of an aluminium alloy); consequently, a value of = 0.1 is deduced.  The applied load F is equal to 10µN. 

Although the critical crack size should be calculated for the examined material, it can be assumed a value equal to 15nm 
(that is, that obtained for silicon in Ref. [46]), having the aluminium a face-centered-cubic crystal structure with a lattice 
parameter equal to 0.40478nm versus a diamond-cubic crystal structure and a lattice parameter of 0.543nm of the silicon. 
Two orientations of the crack are alternatively considered, that is, =22°.5 and 45°, being the fI and fII functions (obtained 
from empirical relationships available in the literature [55]) plotted in Fig. 2 for such cases. 
 

    
 

Figure 2: Functions: (a) fI and (b) fII for the crack orientation, , equal to 22°.5 and 45°. 
 
By interpolating such curves with polynomials of fourth order, the functions reported in Tab. 1 are obtained.  Moreover, 
the empirical function related to  equal to 0° (taken from literature [56]) is also reported. 
 

   INTERPOLATING FUNCTIONS 

0° 

If  

2 3 41.122 - 1.40  + 7.33 - 13.08 + 14.0      0.6   

22°.5 2 3 41.36638 - 5.57250  + 23.81393  - 39.93405  + 27.57030     
0.3  0.6   

45° 2 3 40.88528 - 1.77873  + 5.51431  - 6.80109  + 4.23780     

22°.5 
IIf  

2 3 40.19560 + 0.34145  - 1.77784  + 3.52820  - 1.97944     
0.3  0.6   

45° 2 3 40.00569 + 3.09824  - 11.65355  + 19.00464  - 11.01432     
 

Table 1: fI and fII interpolating functions for the crack orientation, , equal to 0° [56], 22°.5 [55] and 45° [55].   
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Influence of on transverse displacement 
Let us consider a crack at the centre of the nanobeam, that is, =L1/L=0.5.  Three values of , that is, 0.3, 0.5 and 0.6, are 
examined.  
The results in terms of transverse displacement are reported in Fig. 3(a) for =22°.5 and in Fig. 3(b) for =45°.  Moreover, 
the results determined by applying the local beam theory (that is, =0.0) are also reported.  
It can be observed that the transverse displacements computed according to the nonlocal theory are smaller than those 
obtained from the local one, independent of crack depth and crack orientation.  More precisely, for =22°.5 (Fig. 3(a)), the 
nonlocal values of v2/H in correspondence of x/L=1.0 are about 14.30%, 13.44% and 12.63% smaller than the local ones, 
for  equal to 0.3, 0.5 and 0.6, respectively. 
For =45°(Fig. 3(b)), the displacement decreases become equal to about 14.46%, 14.01% and 13.64% for  equal to, 
respectively, 0.3, 0.5 and 0.6. 
Moreover, for =22°.5 (Fig. 3(a)), the nonlocal values of v2/H in correspondence of x/L=1.0 increase of about 7.47% and 
15,40% for  increasing from 0.3 to 0.5 and from 0.3 to 0.6, respectively, whereas such increments are equal to about 3.74% 
and 6.97% for =45° (Fig. 3(b)). 
 
 

     
 

Figure 3: Normalised transverse displacement along the nanobeam axis for =0.5 and  equal to: (a) 22°.5 and (b) 45°, for different 
values of the relative crack depth  and according to both the nonlocal and the local beam theory. 
 
Finally, by comparing Fig. 3(a) with Fig. 3(b), the nonlocal values of v2/H in correspondence of x/L=1.0 decrease of about 
1.26%, 4.69% and 8.47% for  equal to 0.3, 0.5 and 0.6, respectively, when the value of  is made to vary from 22°.5 to 45°. 
 
Influence of on transverse displacement 
Let us consider a crack characterized by a relative crack depth =0.5.  Three values of , that is, 0.25, 0.50 and 0.75, are 
examined. 
The results in terms of transverse displacement are reported in Fig. 4(a) for =22°.5 and in Fig. 4(b) for =45°. Moreover, 
the results for =0.0 are also reported.  
It can be observed that the transverse displacements computed according to the nonlocal theory are smaller than those 
obtained from the local one, independent of the crack location and crack orientation.  More precisely, for =22°.5 (Fig. 
4(a)), the nonlocal values of v2/H in correspondence of x/L=1.0 are about 12.14%, 13.44% and 14.36% smaller than the 
local ones, for  equal to 0.25, 0.50 and 0.75, respectively.  For =45°(Fig. 4(b)), such displacement decreases become equal 
to about 13.23%, 14.01% and 14.52% for  equal to 0.25, 0.50 and 0.75, respectively. 
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Moreover, for =22°.5 (Fig. 4(a)), the nonlocal values of v2/H in correspondence of x/L=1.0 decrease of about 11.01% 
and 17.62% for  increasing from 0.25 to 0.50 and from 0.25 to 0.75, respectively, whereas such increments are equal to 
about 6.40% and 10.23% for =45° (Fig. 4(b)). 
Finally, by comparing Fig. 4(a) with Fig. 4(b), the nonlocal values of v2/H in correspondence of x/L=1.0 decrease of about 
9.40%, 4.69% and 1.27% for  equal to 0.25, 0.50 and 0.75, respectively, when the value of  is made to vary from 22°.5 to 
45°.  
 

    
 

Figure 4: Normalised transverse displacement along the nanobeam axis for =0.5 and  equal to: (a) 22°.5 and (b) 45°, for different 
values of the relative crack location and according to both the nonlocal and the local beam theory.  
 

 
ACCURACY OF THE FORMULATION PROPOSED 
 

n this Section, some experimental tests available in the literature [47-49], performed on both uncracked cantilever 
microbeams and cantilever microbeams containing a crack characterised by =0°, are analytically simulated.  In 
particular, two aspects have to be pointed out: 

- as far as the uncracked microbeams are concerned, the formulation presented in Ref. [46] is applied, since it represents a 
particular case of that here proposed; 
- as far as the cracked microbeams are concerned, the formulation presented in Section 2 is applied, where fII=0 (being the 
crack loaded under pure Mode I) and fI is assumed to be equal to that reported in Tab. 1 for =0° [56]. 
 
Case study No.1 
The tests reported in Ref. [47] are here briefly summarized.  Each cantilever microbeam, with a rectangular cross-section, 
was fabricated by a standard photolithography process and a subsequent plasma etching.  The microbeams were made of a 
(100) silicon wafer on which three different amorphous thin films (with increasing nitrogen content) were alternatively 
deposited, prior to lithography, by using the plasma enhanced chemical vapor deposition (PECVD) technique, and more 
precisely: a silicon oxide, a silicon oxynitride and a silicon nitride film.  The specimen average sizes are listed in Tab. 2, where 
the beam axis was aligned to the [110] crystallographic direction of each (100) silicon wafer.  For each specimen, a crack 
with the average length a listed in Tab. 2 was created via Focused Ion Beam (FIB) milling, perpendicular to the specimen 
axis, at a distance L1 from the constrained end (see Tab. 2).   
The bending tests were performed under load control at the rate of 1mNs-1, by using a Hysitron Triloscope nanoindentation 
system, equipped by an atomic force microscope, at room temperature.  The force was applied up to fracture failure.  Nine 
specimens were tested. 
The experimental results are shown in Fig. 5 in terms of scatter bands of the applied force against the deflection.  It was 
observed that the behaviour was linear elastic up to failure, and that toughness increased by increasing the nitrogen content 
(that is, by moving from the silicon oxide scatter band to the silicon nitride one).  In some cases, a horizontal pop-in was 
registered. 
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SPECIMEN FILM TYPE [ ]B m  [ ]H m  [ ]L m  1 [ ]L m  [ ]a m  

Silicon oxide 1.69 2.10 7.15 2.00 0.36 

Silicon oxynitride 1.66 2.10 6.95 1.85 0.38 

Silicon nitride 1.57 2.10 6.74 1.84 0.32 
 

Table 2: Case study No.1: average geometrical sizes of the tested specimens.  Note that L represents the distance between the constrained 
end and the point where the force is applied. 
 

For the analytical solutions, three notched beams with the sizes listed in Tab. 2 are considered.  The elastic modulus is 
deduced from the force-deflection curves experimentally obtained from unnotched cantilever microbeams and proved in 
Ref. [47].  The elastic modulus E is equal to: 43GPa for the case of silicon oxide thin film, 52GPa for the case of silicon 
oxynitride thin film, and 105GPa for the case of silicon nitride thin film.   
 

 
 

Figure 5: Case study No.1: applied force against deflection. Scatter bands of the experimental curves and analytical curves are plotted. 
 
The Poisson ratio is assumed to be equal to 0.36 [57].  The dimensionless characteristic length is assumed to be equal to 
=0.08 (that is, Lc=0.55 µm), which is consistent with the grain size equal to 0.55μm reported in Ref. [58]. 
The analytical results are reported in Fig. 5. It can be observed that a satisfactory agreement is obtained, being the analytical 
curves perfectly inside the corresponding experimental scatter bands. 
 
Case study No.2 
The tests reported in Ref. [48] are here briefly summarized.  Each cantilever microbeam, with a rectangular cross-section, 
was fabricated by micromachining and employing a FIB.  The microbeams were extracted from a Si(100) wafer, with nominal 
sizes equal to 5µm(B)x5µm(H)x20µm(L), being L the distance between the constrained end and the point where the force 
is applied.  A crack with a nominal length a of 2.3µm was milled, perpendicular to the beam axis (corresponding to the [010] 
crystallographic direction) and at a distance L1=5.3µm from the constrained end.  The bending tests were performed under 
displacement control at rate equal to about 5nms-1, by using an ASMEC UNAT SEM-2 nanoindenter inside a SEM at room 
temperature.  The force was applied up to fracture failure.  Five specimens were tested. 
The experimental results are shown in Fig. 6 in terms of scatter band of the applied force against the deflection.  It was 
observed that the microbeams deform in an ideally elastic-brittle manner. 
For the analytical solution, a notched beam with the experimental nominal sizes is considered.  The elastic modulus is equal 
to E=169GPa [57], whereas the Poisson ratio is equal to =0.36 [57].  The dimensionless characteristic length is assumed 
to be equal to =0.03 (that is, Lc=0.55μm), which is consistent with the grain size equal to 0.55μm reported in Ref. [58]. 
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The analytical results are reported in Fig. 6.  It can be observed that a satisfactory agreement is obtained, being the analytical 
curve perfectly inside the experimental scatter band.  Note that the analytical curve has been graphically translated on the 
right of about 17nm, since the initial part of the experimental scatter band is characterised by a non-linear behaviour due to 
the experimental setup. 
 

Case study No.3 
The tests reported in Ref. [49] are here briefly summarized.  Each cantilever microbeam, with a rectangular cross-section, 
was fabricated by milling and employing a FIB.  The microbeams were made by a FeAl single crystalline material with B2 
ordered structure, with nominal sizes equal to 4µm(B)x2µm(H)x8µm(L).  The bending tests were performed under 
displacement control at rate of 1nms-1, by using a PI-85 Pico-indenter system inside an environmental SEM under vacuum.  
The force was applied up to a deflection of 5µm.  Two specimens were tested. 
The experimental results are shown in Fig. 7 in terms of the applied force against the deflection.  It was observed that, from 
a given value of the deflection, the load is quite constant and no crack nucleation/propagation occurs. 
 

  
Figure 6: Case study No.2: applied force against deflection. 
Scatter band of the experimental curves and analytical curve are 
plotted. 
 

Figure 7: Case study No.3: applied force against deflection. 
Experimental curves and analytical curve are plotted. 
 

For the analytical solution, a beam with the experimental nominal sizes is considered.  The elastic modulus is equal to 
E=75.9GPa [59], whereas the Poisson ratio is equal to =0.30 [60].  The dimensionless characteristic length is assumed to 
be equal to 0.38, computed by considering an internal characteristic length Lc equal to the material grain size, that is, 3µm 
[61].  
The analytical results are reported in Fig. 7.  It is worth noting that only the elastic behaviour is simulated, the formulation 
presented in Ref. [46] being developed under the Euler-Bernoulli theory. 
It can be observed that the slope of the elastic branch differs from the experimental one of about 11.93%, and that, at a 
load value equal to 960µN, the deflection differs of about -10.36% from the average experimental one. 
 
 
CONCLUSIONS 
 

he mechanical behaviour of an edge-cracked nanobeam under Mixed-Mode loading has been analytically examined.  
More precisely, the nanobeam has been divided into two beam segments linked through a massless spring at the 
cracked section.  The stiffness of the spring has been computed according to both the Griffith criterion and concepts 

of the LEFM, being the length of the crack assumed greater than a critical crack size.   
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The proposed formulation has been applied to the case of a cantilever edge-cracked nanobeam, performing a parametric 
study to analyse the mechanical behaviour by varying the crack depth and the crack location along the beam axis. 
Finally, the formulation has been applied to some experimental data available in the literature.  It has been observed that: 
(i) for the silicon materials analysed, a satisfactory agreement between experimental and analytical results has been obtained, 
being the numerical curves perfectly inside the experimental scatter bands; 
(ii) for the FeAl single crystalline material, a maximum error on the deflection equal to about -10.36% is obtained with 
respect to the average experimental one, when the load is equal to 960µN. 
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