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INTRODUCTION  
 

omposite materials have gained immense significance in a number of industrial sectors due to their exceptional 
mechanical properties and versatility. These materials typically consist of a combination of reinforcing fibers and a 
matrix, offer unique advantages such as high strength-to-weight ratios, corrosion resistance, and tailored 

performance characteristics. Understanding and optimizing the mechanical behavior of composite materials is of quite 
importance, particularly in industries where they play a critical role, such as aerospace, automotive, and construction. It is 
well known that the elastic properties of the composite depend on the type of loading [1-3]. For example, the difference in 
Young's modulus obtained under uniaxial tension and uniaxial compression in some laminated composites can reach up to 
40%.  
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Elastic nonlinearity of composite material can be found for many moduli [4-6] and relations to model this effect were 
performed by many researchers [7-11]. For example, Hahn at al. [7] added fourth degree for shear stress component into 
complimentary energy to capture shear nonlinearity. Testa at al. [8] analyzed many stress components of an arbitrary degree 
in potential function to model fabric nonlinear deformations for biaxial loading.  Yang at al. in their work [9] also used 
fourth degree polynomic function for stress components to describe complimentary energy for fabric material. Slovikov, S. 
V. et al. [10] introduced a linear decay of the stiffness during compression loading of longitudinal composites. Complex 
complimentary energy function with successful correlation was proposed by Obid at al. [11]. Their energy function was 
inspired by famous Ramberg-Osgood potential widely used for hyper-elastic materials.  
Nevertheless, the question about longitudinal nonlinearity of unidirectional composite material is not completely unrevealed 
in terms of mechanism of appearance in uniaxial experiments and modelling approaches.    
The idea to get properties for composite material using finite element modeling with RVE approach is promising. However, 
the use of conventional short periodicity cell does not predict stiffness difference in dependence of type of loading for 
longitudinal uniaxial case [12].  
Analyzing nonlinearity of longitudinal stiffness of composite material one can found that to obtain accurate results, the 
defects, arising in the material during the manufacturing process, should be taken into account. Such a well-known defect 
as fiber waviness, can occur during the layout operations and curing process of the composite product. Waviness refers to 
the deviation of the fiber from rectilinearity. It is known, that fiber waviness significantly influences mechanical 
characteristics such as Young's modulus and compressive strength. A considerable amount of research is devoted to the 
problem of fiber waviness and its impact on composite properties [12-24].   
This study aims to develop constitutive relations for the continuum model with taken into account longitudinal elastic 
nonlinearity of composite material. Second purpose of this research is to understand mechanism of this elastic nonlinearity 
of composite material. A special numerical experiment was conducted employing finite element modeling techniques. The 
simulation using large periodic cell with fiber waviness provides a good quality nonlinear loading curves which are used as 
input data for purposed continuum model. It was demonstrated the change in longitudinal stiffness of the AS4/8552 
composite material under uniaxial compression in the fiber direction for subsequent waviness angles. The findings of this 
research hold the potential to provide valuable insights for engineering and materials science, with implications for the 
design and optimization of composite structures and components. 
 
 
CONTINUUM MODEL  
 

odelling of composite material with several nonlinearity in chosen direction requires a change in the constitutive 
relations. Considering classical approach (1) in terms of complacencies with the extension of longitudinal 
coefficient 11A  to be dependent on 11 , makes us to get sureness that relations remain elastic. In other words 

we need to perform potential function for any dependence of  11 11A  .   

 
 11 1111 11 12 13

22 2212 22 23

33 3313 23 33

12 1212

13 1313

23 2323

0 0 0

0 0 0

0 0 0
    

0 0 0 1/ 0 0

0 0 0 0 1/ 0

0 0 0 0 0 1/

A A A

A A A

A A A

G

G

G

 
 
 
 
 
 

    
    
    
            
    
    
    

        

    (1) 

 
Let us consider the complimentary energy in the following specific form: 
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where    11f   – arbitrary function. 

Taking derivatives one can obtain relations between stress components and deformations
Φ
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 Eventually, we can assume: 
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Ordinary differential Eqn. (4) always can be solved with initial conditions at 11 0  , 
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where 1E  is the elastic modulus in the vicinity of zero stress-strain values. 
 
 
NUMERICAL EXPERIMENT 
 

he numerical experiment is focused on investigating the impact of initial fiber waviness on the elastic modulus of 
the composite material in the fiber direction under uniaxial compression. The analysis takes into account the 
subsequent waviness angles: ψ=0°, 0.5°, 1.5°, and 3°. Fig. 1 illustrates the geometric method for determining the 

waviness angle.  
The exact properties for fibers and matrix material to model AS4/8552 composite is taken in [12, 25, 26]. The choice of 
waviness angles for analysis motivated by the researches stated that the waviness angle for AS4/8552 composite material 
usually does not exceed 3° [26]. 
It was assumed, that the fiber has a sinusoidal shape. The properties of the fiber-matrix interface are neglected. Nonlinear 
behavior of the fiber and matrix materials was not considered in the modelling. Besides waviness, other defects were not 
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taken into account. The lamina with curved (wavy) fibers is assumed to be flat. This assumption is typical for autoclave pre-
preg, where waviness is primarily observed in the plane. 

 

 
 

Figure 1: Fiber waviness. 
 
Finite element model was developed in a three-dimensional formulation using a periodic cell. The periodic cell of the 
unidirectional composite material AS4/8552 with a fiber volume fraction of Vf=57% is shown in Fig. 2. The dimensions 
of the cell were chosen in such a way, that the volume fraction of 20 fibers corresponds to the fiber volume fraction in the 
composite material. 

 
 

Figure 2: The periodic cell of the AS4/8552 composite material. 
 

The finite element model of the periodic cell is presented in Fig. 3, with hidden center part of the matrix material. 
 

 
Figure 3: Finite element model. 

 
The matrix was modeled using solid three-dimensional eight-node elements (C3D8I in ABAQUS notation), while the fibers 
were modeled using beam elements (B31 in ABAQUS notation). The interaction between the matrix and fibers was 
implemented using the embedded region constraint tool. The interface with no slip between the fiber and matrix is 
considered in this study.  The fiber material was modeled as transversely isotropic linear elastic, while the matrix material 
was modeled as linear elastic isotropic material. No fracture or plasticity models were employed. The uniaxial compression 
of the unidirectional composite material realized by means of periodical boundary conditions. The geometrical nonlinearity 
was taken into account during performed analysis. 
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COMPUTATIONAL RESULTS  
 

ig. 4 shows stress-strain curves for uniaxial compression in the fiber direction of the AS4/8552 unidirectional 
composite material. The analysis includes the initial fiber waviness angles of 0°, 0.5°, 1.5° and 3°. Failure 

deformations for tension and compression t
ult  and c

ult , shown in Fig. 4 taken from work [12]. 
Analysis of the modelling results shows continues reduction of longitudinal stiffness for specimens with built in waviness. 
Specimen without initial waviness performs constant stiffness without any smooth reduction. More over the results show 
that all characteristics provided by manufacturer [25, 26] correspond to the numerical specimen with 0.5° degree fiber 
waviness. Fig. 5 shows the results of compression loading simulation adopted in compliances to use for proposed continuum 
model.       

 

 
 

Figure 4: Numerically obtained stress-strain curve for uniaxial compression along the direction of reinforcement for unidirectional 
composite AS4/8552 with initial fiber waviness 0°, 0.5°, 1.5°, 3°. 
 

 
Figure 5: Numerically obtained compliance ε11/σ11 versus stress σ11 for uniaxial compression with initial fiber waviness 0°, 0.5°, 1.5°, 
3°, for unidirectional composite AS4/8552. 
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Tab. 1 shows the coefficients of a polynomial approximation for   3 2  
11 11 11 11 11A A B C D       , obtained from 

numerical experiments with different initial fiber waviness.  
 

Fiber waviness angle A B C D 

0,5° 1.61𝐸-03 −2.79𝐸-03 1.23𝐸-03 7.20𝐸-03 

1,5° 2.58𝐸-03 -2.85𝐸-03 1.39𝐸-03 7.65𝐸-03 

3° 4.87𝐸-03 −3.38𝐸-03 2.65𝐸-03 9.06𝐸-03 
 

Table 1: The coefficients for polynomic approximation   3 2  
11 11 11 11 11A A B C D        of longitudinal compliances (1) for 

unidirectional composite AS4/8552 under uniaxial compression for initial waviness of  0.5°, 1.5° and 3°. 
 
 
DISCUSSION 
 

olution of Eqn. (4) with approximation of  11 11A   with cubic polynomic function obtained for potential function 

 11f    can always be obtained as: 
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11 11 11 11

3 2

5 2 3

A B C
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When analyzing work [1] where shear stiffness nonlinearity is modeled in the same manner, it can be seen that a solution 
for Eqn. (4) can be obtained for any polynomial function. This proves that longitudinal nonlinear compliance can be any 
arbitrary function, as meaningful experimental compliance can always be approximated by a polynomial function with any 
precision. Using the same approach it is possible to prove that arbitrary nonlinear compliance coefficients  22 22A   and 

 33 33A   keep constitutive relations (1) elastic. By combining this approach with the results obtained in work [1], we can 

conclude that all diagonal components can be dependent on the corresponding stress component with certainty of the 
elasticity of stress-strain relations. Additionally, the introduction of the triaxiality parameter [1] adds another layer of 
complexity to the model, allowing for different stiffness decay based on the type of loading. This level of detail and flexibility 
makes the model a valuable tool for analyzing and predicting the behavior of composite materials under various loading 
conditions. 
 
 
CONCLUSION 
 

n this study, the continuum model taking into account the nonlinearity of the longitudinal stiffness of the composite 
was developed. The mathematical proof of the potentiality of the proposed relations was performed. It was shown, 
that elastic longitudinal compliance coefficient could be an arbitrary dependence of longitudinal stress component until 

they can be approximated by polynomial function.  
Based on the modeling results using the periodicity cell approach, it was observed, that the considering of geometric 
nonlinearity in combination with initial fiber waviness gives a decrease of stiffness on the compression stress-strain diagram. 
However, this effect is not observed during tension. The modeling shows that the stiffness does not change abruptly. There 
is a smooth decay in stiffness during compression as the strain increases. This decrease occurs only for specimens with 
initial fiber waviness.  
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