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ABSTRACT. In this study, a novel quasi-three dimensional hyperbolic high-
order shear deformation theory (quasi-3D HHSDT) is developed for free 
vibration analysis of porous functionally graded plates (FGPs). There are six 
unknowns in the current displacement field, and no shear correction factor is 
required. The mechanical properties are varied continuously through the 
thickness of porous FG plates using a modified power law function while 
considering the effect of porosities on the plate’s structural integrity. Two 
distinct porosity distribution models are considered, including even and 
uneven porosity distributions. The Navier technique is employed to obtain 
the closed-form solutions of motion's equations. An exhaustive parametric 
study is presented to show the influence of the different parameters on the 
fundamental frequencies. 
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INTRODUCTION  
 

unctionally graded materials (FGMs) are a novel type of composite material, characterized by a gradual and 
continuous variation in the volume fractions of each of their constituents (generally metal and ceramic) throughout 
their thickness. A team of Japanese researchers has developed FGMs for use in the space industry due to their 

exceptional properties and advantages, such as high-temperature resistance, corrosion resistance, and oxidation resistance, 
among others. 
Numerous studies are conducted on mechanical behavior (i.e., buckling, bending, and free vibration analysis) based on 
high-order shear deformation theories, including third-order, exponential, sinusoidal, etc. Reddy et al. [1–3] used third-
order shear deformation theory to study the mechanical behavior of isotropic and FG plates and beams. Following that, 
several research projects have been carried out in order to develop new theories based on Reddy's theory (e.g., hyperbolic-
trigonometric [4–13], trigonometric [14–18], exponential [19], trigonometric-exponential [20], exponential-logarithmic 
[21], and polynomial [22–25]). Li et al [26–28] studied static and free vibration behavior of FG plates employing novel 
polynomial theories with shape parameter (m). Hadji et al. [29] studied the effect of porosities and Winkler-Pasternak 
parameters on the bending of porous FG sandwich plates using quasi-3D sinusoidal shear deformation theory. They 
condensed the number of variables into only five by employing a displacement field with integral-undefined terms. 
Boulefrakh et al. [30] employed a simple hyperbolic shear deformation theory to study the effect of visco-Pasternak 
parameters on the mechanical behavior of thick FG plates. They included the stretching effect with only four variables 
compared to the previous displacement fields, which had many variables. Based on isogeometric analysis, Cuong-Le et al. 
[31] conducted a 3D numerical solution for the mechanical behavior of porous FG annular plates, cylindrical shells, and 
conical shells using a NURBS basic function. According to the findings, the quadratic NURBS element can produce high-
accuracy results with the least amount of computational cost. Cuong-Le et al. [32] used a nonlocal strain gradient, 
Reissner-Mindlin plate theory, and isogeometric analysis for the bending, buckling, and free vibration of sigmoid FG 
nanoplates. Vu et al. [33] developed a new refined quasi-3D hyperbolic shear deformation theory combined with the 
Navier solution to analyze the compressive buckling of porous FG plates placed on the Winkler-Pasternak foundation. 
Based on the moving kriging interpolation meshfree method and a novel arctangent exponential shear deformation 
theory, Vu et al. [34] presented a mechanical behavior analysis of sandwich FG plates. They used a displacement field with 
only four unknowns. Two models of refined high-order theories (inverse sin and sin hyperbolic shear deformation) were 
developed by Vu et al. [35, 36] to analyze the bending, buckling, and free vibration behavior of FG plates by employing 
the enhanced meshfree method with new correlation functions. Vu et al. [37] and Tan-Van Vu [38] conducted a 
mechanical behavior analysis of an FG plate resting on elastic foundations based on a refined quasi-3D logarithmic shear 
deformation theory and a simple quasi-3D hyperbolic shear deformation theory, respectively. The new refined high-order 
theories mentioned in the references [33–38], which were combined with the meshfree method, showed many advantages, 
including the mathematical simplicity of their modeling, the lowest computational cost, and the accuracy compared to 
many high-order shear deformation theories. 
Due to technical issues, porosities may appear inside the material during FGM manufacturing. Porosities can significantly 
affect the mechanical properties and lower the FGM strength [39]. Farzad Ebrahimi and Ali Jafari [40] employed two 
distributions of porosities (even and uneven distributions) to study the influence of porosities on the thermo-mechanical 
vibration of FG beams. Yan Qing Wang [41] investigated the electro-mechanical behavior of porous FG piezoelectric 
plates in translation using an even porosity distribution. Based on four symmetric and asymmetric distributions of 
porosities, Tao et al. [42] analyzed the thermo-acoustic response of a porous FG cylindrical shell bounded by the 
Pasternak foundation under nonlinear thermal loading using the first-order shear deformation theory. Saidi Hayat and 
Sahla Meriem [43] developed a novel distribution of porosities (as an exponential function) to analyze the free vibration of 
porous FG plates made of a mixture of aluminum (Al) and alumina (Al2O3) resting on an elastic foundation. Thanh et al. 
[44] used a logarithmic-uneven distribution of porosities and isogeometric analysis to study the thermal stability of porous 
FG microplates.  
In this context and to enhance concepts about high-order shear deformation theories and the FG plate’s structural 
integrity, a novel quasi-three-dimensional hyperbolic high-order shear deformation theory (quasi-3D HHSDT) is 
developed to study the free vibration behavior of porous FG plates using two distinct porosity distribution models (even 
and linear-uneven distribution). The proposed hyperbolic theory is more affluent and presents the transverse shear stress 
better than third-order, sinusoidal, and exponential shear deformation theories and thus produces better results in 
describing the mechanical behavior of FG plates. Moreover, the current hyperbolic function does not necessitate a shear 
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correction factor and does not require any adaptation in the event that it is employed as a refined theory. This is due to its 
form, which is partitioned into two segments, similar to the third-order shear deformation theory. 
The article has been organized as follows: First, the material properties of porous FG plate based on a power-law function 
(P-FGM) are presented in section 2. The displacement field and strain, the constitutive law, and equations of motion are 
introduced in section 3. The analytical solution for simply supported plate in bending and free vibration by using Navier’s 
solution approach is illustrated in section 4. Section 5 presents numerical results, a comparative study, and the effects of 
various parameters (power-law index, geometrical ratio, etc.). In section 6, the conclusion and major results are described.  
 

                                              
 

                                             Figure 1: Geometry and coordinates of porous functionally graded plate. 
 
 
MATERIAL PROPERTIES OF POROUS FG PLATE  
 

 rectangular porous plate of length (a), width (b), and thickness (h), made of functionally graded material (FGM), 
where the top surface of the FG plate is made of ceramic and the bottom surface of metal, as shown in Fig. 1. 
The material properties of porous FG plate are based on a power-law function (P-FGM) as follows:  

 
 Perfect FGM: 

 

                 
 
 

z 1
η z = η + η - η +

h 2

P

m c m                                                                                                             (1a) 

 
 Porous FGM (even distribution): 

 

                   
 
 

βz 1
η z = η + η - η + - η +η

h 2 2

P

m c m c m                                                                                  (1b) 

 
 Porous FGM (uneven distribution): 

 

                    
  

   

2 zβz 1
η z = η + η - η + - η +η 1-

h 2 2 h

P

m c m c m                                                                                (1c) 
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In which             
 

 0 β 1                                                                                                                                    (1d) 
 
where (η) denotes the material properties, including the elastic modulus E, mass density   , and Poisson's ratio ν.  P and β 
are the power law and porosity parameters, respectively. 
 
 
THEORY AND FORMULATION 
 

ccording to high-order shear deformation theory, including the thickness stretching effect, the displacement field 
can be described as: 
 

                                                                          

 

 
 
 
 

   

   

   

 
   

  
   

   
   

 
 

0
0

0
0

0

x

y

z

w
u x, y, t - z + (z)θ x, y, t

x
u x, y,z, t

w
v x, y,z, t = v x, y, t - z + (z)θ x, y, t

y
w x, y,z, t

w x, y, t + g(z)θ x, y, t

f

f                                                                (2) 

 
In which     
                  

d (z)
g(z)=

dz

f

 
 
In which t signifies the time, (x, y, z) are the Cartesian coordinates, 0 0 0 x yu ,   v ,   w ,   θ ,  θ  and zθ  are the mid-plane 

displacement and rotation components along the x, y and z directions, respectively, f (z) is a shape function for describing 
the distribution of transverse shear stress. The most famous theories of high-order shear deformation are presented in 
Tab. 1 and Fig. 2.

  

Theories    f z  Authors   

Third-order shear 
deformation theory 

  

3

2

4 z
z -

3h
 Reddy [1] 

Trigonometric high-
order shear 

deformation theory 

 
 
 

h πz
sin
π h

 Touratier [14] 

Exponential high-order 
shear deformation 

theory 
 

  
     

2z
zexp -2

h
 Karama et al.[19] 

arctangent exponential 
high-order shear 

deformation theory 

           

2
-1 z

tan zexp -2
h

 
Vu et al. [34] 

Hyperbolic high-order 
shear deformation 

theory 
  

    
        

2

4

z z
R h tanh tanh - 3

h h
- - R z; R =1.62

3sech 0.5
 

Present  

 

Table 1: The most famous high-order shear deformation theories. 

A 
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Figure 2: The variation of the shape functions  f z  and its derivative  g z  in terms of non-dimensional thickness (z/h). 

 
 

The new shear deformation function is developed based on the following conditions: 
 

              



hz=+
2

hz=± z=0
h 2z=-
2

(z)dz = 0 ; g(z) = 0 ; g(z) =1f                                                           (3) 

 
The linear strain field of a porous FG plate can be deduced from the displacement field in Eqn. (2) as: 
 

               

  
          

       
   

 
  

2
0 0

2

2
0 0

2

x

x
y

y

z
z

u θw
- z + (z)

x xx
ε

θv w
ε = - z + (z)

y yy
ε

g'(z)θ (x, y, t)

f

f                                                                                        (4a) 

 

              

     
         

       
        
         

0 0 0
2

yx

xy
z

yz y

xz

z
x

θu v w θ
+ - 2z + (z) +

y x x y y x
γ

θ
γ = g(z) θ +

y
γ

θ
g(z) θ +

x

f

                                                             (4b) 

 
The constitutive law is characterized by the relationship between the stress field and the strain field (Hook’s law), as: 
 

z/
h

z/
h
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    
    
    
       

    
    
    
    
        

11 12 13

12 22 23

13 23 33

44

55

66

x x

y y

z z

yz yz

xz xz

xy xy

σ εC C C 0 0 0

σ εC C C 0 0 0

σ εC C C 0 0 0
=

τ γ0 0 0 C 0 0

τ γ0 0 0 0 C 0

τ γ0 0 0 0 0 C

                                                               (5) 

 
where ( x y z yz xz xyσ ,σ ,σ ,τ ,τ ,τ ) and ( x y z yz xz xyε ,ε ,ε , γ , γ , γ ) are the stress and strain components, respectively,

 ijC    

indicating the stiffness coefficients are defined as: 
 

 











11 22 33

12 13 23

44 55 66

E(z)(1- ν)
C = C = C =

(1- 2ν)(1+ ν)

νE(z)
C = C = C =

(1- 2ν)(1+ ν)

E(z)
C = C = C = G(z)=

2(1+ ν)

                                                                                               (6) 

 
where ν represents Poisson’s ratio, E(z) and G(z) are the Young’s and shear modulus of the porous FG plate, respectively. 
 
 
EQUATIONS OF MOTION  
 

ased on Hamilton's principle, the equations of motion can be expressed by the following variation form: 
 

   0
t

s p kδE +δE - δE dt = 0                                                                                                   (7) 

 
where δ represents the variation operator, sδE , pδE , and kδE are the variation of strain energy, the variation of the 

potential energy due to the applied loads, and the variation of kinetic energy, respectively. The variation of strain energy of 
the porous FG plate takes the form below: 
 

     Vs x x y y z z xy xy yz yz xz xzVδE = σ δε +σ δε +σ δε + τ δγ + τ δγ + τ δγ d                                    (8) 

 
The variation of potential energy due to the applied loads is given by: 
    
                Ap AδE = - qδw d                                                                                                               (9) 

 
in which q represents the transverse distributed load, A is the top surface. The variation of kinetic energy of the porous 
FG plate is deduced by the following integral as:

 

 

              ρ
      

        
Vk V

u δu v δv w δw
δE = + + (z)d

t t t t t t
                                                          (10) 

 
Eqns. (8), (9), and (10) are substituted into Eqn. (7), and the linear strain field expressions (4a, 4b), and constitutive law 
expressions (5) are used in Eqn. (7). The equations of motion are obtained as: 
 

B 
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  


 


      
 

  

   
 

  


    

 
    

     

 

2 3 2

1 2 42 2 2

22 3
0 0

1 2 42 2 2

2 22 2 3 3
0 0 0

1 22 2 2 2 2

4 4 3
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3 52 2 2 2

xyx x

xy y y

xy yx

N u wN θ0 0+ = D - D + D
x y t t x t

N N θv w
+ = D - D + D

x y t t y t

w u v
+ 2 + = + +

w w θ
- + +

M MM
D D

x yx y t t x t y

D D
t x t y

0

0

0

δu :

δv :

δw :

  
 
   

  


 


  

  


    

 
    
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5
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72 2 2

2 3 2
0 0

4 5 62 2 2

22 3
0 0

4 62 2 2

2 2
0

7 82 2

yx z

xyx x
xz

xy y y
yz

yzxz z
z

θ θ
+ +

θ
+ - Q = - +

θv
+ - Q = - +

QQ w θ
+ - N = +

D
t x t y t

SS u w
D D D

x y t t x t

S S w
D D D

x y t t y t

D D
x y t t

x

y

z

θ

θ

θ

δ :

δ :

δ :

              (11) 

 
where the moment, the stress resultants ( ij ij ij ijN , M ,S andQ ), and the moments of inertia ij(D )  are defined in Appendix 

A. 
 
 
ANALYTICAL SOLUTION 
  

ccording to Navier’s solution approach for simply supported FG plate, the analytical solutions of motion’s Eqns. 
(11) are expanded relying on double Fourier series: 
 

           

   
   
   
   
   
   



 
   
   
   
    

   
   

      
      

0

0

0

x

y

z

iωt
mn

iωt
mn

iωt
mn

x iωtm n =1
mn
y iωt
mn
z iωt
mn

U cos λx sin μy eu (x, y)
V sin λx cos μy ev (x, y)

W sin λx sin μy ew (x, y)
=

θ (x, y) cos λx sin μy e
θ (x, y) sin λx cos μy e
θ (x, y)

sin λx sin μy e



=1

                                                                        (12a) 

 
in which  
 
                  λ= mπ a ; μ= nπ b                                                                                                           (12b) 
 

where ω is the natural frequency, (m, n) are the frequency mode numbers, mnU , mnV , mnW , xmn ,  y
mn  and z

mn  are 

coefficients must be determined. According to the Eqns. (11 and 12), the eigenvalue problem can be expressed in 
algebraic form as:  
 

             
       2

ij ij j jS -ω m Δ = 0 (i, j =1,6)                                                                                    (13a) 

 
in which  

A 
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     T x y z

mn mn mn mn mn mnΔ = U , V , W , , ,                                                                                       (13b) 

 
The coefficients of matrices [S] and [m] can be deduced as: 
 

2 2
11 11 33S = -A λ - A μ ,                          12 12 33S = -λμ A + A  

 3 2
13 11 12 33S = B λ + λμ B + 2B ,     2 2

14 11 33S = -V λ - V μ  

 15 12 33S = -λμ V + V ,                       16 11S = D λ  
2 2

22 33 22S = -A λ - A μ ,                            3 2
23 22 12 33S = B μ + λ μ B + 2B  

 24 12 33S = -λμ V + V  ,                 2 2
25 33 22S = -V λ - V μ                                                             (14a) 

26 12S = D μ ,                                  4 2 2 4
33 11 12 33 22S = -E λ - λ μ 2E + 4E - E μ  

 3 2
34 11 12 33S = F λ + λμ F + 2F ,               3 2

35 22 12 33S = F μ + λ μ F + 2F  
2 2

36 11 12S = -G λ - G μ ,                            2 2
44 44 11 33S = -M - H λ - H μ  

 45 12 33S = -λμ H + H ,                           46 11 44S = λ K - M  
2 2

55 55 33 22S = -M - H λ - H μ ,                 56 12 55S =μ K - M  
7 2

66 11 44 55S = -L - M λ - M μ  
 

11 22 1m = m = D  ,                       13 2m = -λD ,            14 25 4m = m = D ,        23 2m = -μD  

 2 2
33 1 3m = D + D λ +μ ,             34 5m = -λD ,              35 5m = -μD                                         (14b) 

36 7m = D ,                                44 55 6m = m = D ,        66 8m = D  

12 15 16 24 26 46 45 56m = m = m = m = m = m = m = m = 0  
 
where the stiffness coefficients ( ij ij ij ij ij ij ij ij ijA ,B , V ,D ,E ,F ,G ,K ,L ) are indicated in Appendix B. 

 
 
RESULTS AND DISCUSSION  
 

rom the previous theoretical development, this section examines the competence and accuracy of the above-
mentioned theory (see Tab. 1) in comparison with popular benchmark linear analysis. This part is divided into four 
basic examples for confirming the correctness and effectiveness of the current theory and for studying, in 

particular, the influence of certain parameters such as the power-law index and the effect of geometric and material 
properties (the effect of the (a/b) and (a/h) ratios, etc.).The material properties and non-dimensional parameters are 
defined as follows: 

 Material properties: 

The properties of aluminum (AL) are: ρ 3
m m mE = 70GPa ; = 2702kg / m ; ν = 0.3  

The properties of alumina ( 2 3AL O ) are: ρ 3
c c cE = 380GPa ; = 3800kg / m ; ν = 0.3  

The properties of zirconia ( 2ZrO ) are: ρ 3
c c cE = 200GPa ; = 5700kg / m ; ν = 0.3  

 Boundary conditions: 

x x x yz z y z

y y y xz z x z

N = v = w = M = S = Q = N = θ = θ = 0 at x = 0

N = u = w = M = S = Q = N = θ = θ = 0 at y = 0
 

 Non-dimensional parameters: 

ρ ρ ρρ  
2

c m m

c m m

a
ˆω=ωh , ω= ωh , ω=ωh , ω=ω

G E E h E
 

F 
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Example 1 
To confirm the correctness of the current quasi-3D theory of free vibration, this numerical example illustrates several of 
the non-dimensional fundamental frequencies (ω ) for an isotropic square plate (i.e., P = 0, full ceramic) with (a/h = 10, 
moderately thick plate) as shown in Tab. 2. The current quasi-3D results are compared with the 3D exact solution 
obtained by Srinivas et al. [45], the quasi-3D hyperbolic HDST solutions of Akvaci and Tanrikulu [6] and Shahsavari et 
al.[5], the classical plate theory solution of Mechab et al. [36]. It is obvious from Tab. 2 that the present quasi-3D findings 
are in excellent accordance with the solutions synthesized by the references [45], [6], [5], [46]. The smallest percentage of 
the average difference is related to the Shahsavari’s theory [5] and the maximal percentage of the average difference is 
related to the classical plate theory solution proposed in [46], due to the absence of the shear effect. It can also be 
observed from Tab. 2 that the non-dimensional fundamental frequencies increase whenever the frequency mode numbers 
(m, n) increase. The difference percent is counted by the formula as follows: 
 

   result obtained by our model
% = -1 ×100

result obtained by refrence model
Diff

 
 

m  n Ref.[45]  Ref.[6] Ref.[5]   Ref.[46]         Present   
  E-3D Q-3D Q-3D CBT-2D Q-3D 
1 1 0.0932 0.0932 0.0932 0.0955 0.0934 
1 2 0.2226 0.2227 0.2226 - 0.2233 
2 2 0.3421 0.3424 0.3421 0.3732 0.3432 
1 3 0.4171 0.4176 - 0.4629 0.4186 
2 3 0.5239 0.5247 0.5240 0.5951 0.5259 
3 3 0.6889 0.6902 0.6892 - 0.6919 
2 4 0.7511 0.7526 0.7514 0.8926 0.7545 
1 5 0.9268 0.9290 0.9274 1.1365 0.9315 

Average diff. % - 0.130 0.024 12.932 0.373 
 

Table 2: The first eight non-dimensional fundamental frequencies ( ω ) of the isotropic square plate with (a/h = 10, zε 0 ). 

 
Example 2 
The second example considers the impact of the power-law index on the fundamental frequencies ( ω̂ ) for (AL/AL2O3) 
square plate. Tab. 3 contains the first three non-dimensional fundamental frequencies ( ω̂ ) for moderately thick FG plate 
and different power-law indexes P = 0, P = 0.5, P = 1, P = 4, and P = 10. The outcomes indicated from Tab. 3 correlate 
supremely well with the FSDT of Hosseini-Hashemi et al. [47] and the HSDT of Belabed et al. [48]. Furthermore, when 
the stretching effect is removed, the current outcomes are nearly identical. Moreover, the fundamental frequencies ( ω̂ ) 
reduce as the power-law indexes (P) increase. This is due to the influence of Young's modulus and mass density, which are 
high for ceramic compared to metal. In other words, the increase in the parameter (P) decreases the stiffness of the FG 
plate. 
 

m n Theories  zε                    power-law index (P) 

    0 0.5 1 4 10 

1 1 FSDT [47] = 0 0.0577 0.0490 0.0442 0.0382 0.0366 
  HSDT [48] ≠ 0 0.0578 0.0494 0.0449 0.0389 0.0368 
  Present ≠ 0 0.0579 0.0495 0.0450 0.0390 0.0369 

1 2 FSDT [47] = 0 0.1376 0.1173 0.1059 0.0911 0.0867 
  HSDT [48] ≠ 0 0.1381 0.1184 0.1077 0.0923 0.0868 
  Present ≠ 0 0.1385 0.1187 0.1079 0.0925 0.0869 

2 2 FSDT [47] = 0 0.2112 0.1805 0.1631 0.1397 0.1324 
  HSDT [48] ≠ 0 0.2121 0.1825 0.1659 0.1409 0.1318 
  Present ≠ 0 0.2128 0.1830 0.1664 0.1412 0.1320 

 

Table 3: The first three non-dimensional fundamental frequencies ( ω̂ ) of the (AL/AL2O3) square plate for several values of the 
power-law index with (a/h = 10). 
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Example 3 
To consider the influence of the ratios (a/b) and (a/h) on the fundamental frequencies ( ω ). This numerical example 
depicts the non-dimensional fundamental frequencies ( ω ) of square and rectangle FG plates for various values of the 
power-law index, the ratios (a/b) and (a/h) as seen in Tab. 4. The acquired results are evaluated against high-order shear 
deformation theory of Zaoui et al. [20], and our results are closely related with theirs. Also, it can be seen that once the 
ratios (a/h) decrease, the fundamental frequencies increase. On the contrary, the fundamental frequencies decrease when 
the ratios (a/b) increase. 
 

b/a a/h P Ref.[20] 
(Q-3D) 

Ref.[20] 
(2D) 

Present 
(Q-3D) 

1 10 0 0.1137 0.1134 0.1138 
  1 0.0883 0.0868 0.0884 
  2 0.0807 0.0788 0.0808 
  5 0.0756 0.0740 0.0757 
 5 0 0.4178 0.4151 0.4182 
  1 0.3267 0.3205 0.3270 
  2 0.2968 0.2892 0.2970 
  5 0.2725 0.2665 0.2726 
 2 0 1.8583 1.8287 1.8607 
  1 1.4830 1.4467 1.4848 
  2 1.3269 1.2901 1.3284 
  5 1.1576 1.1310 1.1585 
2 10 0 0.0719 0.0717 0.0720 
  1 0.0558 0.0549 0.0559 
  2 0.0511 0.0498 0.0511 
  5 0.0480 0.0470 0.0480 
 5 0 0.2718 0.2705 0.2720 
  1 0.2119 0.2081 0.2121 
  2 0.1930 0.1882 0.1932 
  5 0.1788 0.1749 0.1789 
 2 0 1.3086 1.2914 1.3102 
  1 1.0378 1.0140 1.0389 
  2 0.9322 0.9069 0.9332 
  5 0.8250 0.8062 0.8255 

 

Table 4: The non-dimensional fundamental frequencies ( ω ) of the (AL/AL203) plate for several values of the power-law index, the 
ratios (a/b) and (a/h) with (m = n = 1). 

 
Example 4 
The final example examines the implications of the porosities on the fundamental frequencies ( ω̂ ) and structural integrity 

of an (AL/AL2O3) square plate. The Figs. 3–4 represent the first non-dimensional fundamental frequencies (
¨
ω ) of a 

porous (AL/AL203) plate in terms of the porosity parameter β for various ratios (a/h) of 20, 10, and 5 (i.e., from thin to 
thick plate) at P = 1 by using two types of porosity distribution (even and uneven distributions). It can be clearly observed 
from the figures that the fundamental frequencies decrease for all values of ratios (a/h) as the porosity parameter 
β increases in the case of an even porosity distribution. On the contrary, in the case of an uneven porosity distribution, the 
fundamental frequencies increase as the porosity parameter β increases. The two distributions affect the frequencies in 

completely opposite ways due to the effect of the 
  
     

2
1

z

h
 function, which is present in one and absent in the other 

(see Eqns. 1b and 1c).  
Upon examination of the Figs. 3 and 4 presented, it is apparent that the impact of even porosity distribution exceeds that 
of uneven porosity distribution. This is demonstrated by the significant decrease of fundamental frequencies in the range 
of [8.2, 9] across all (a/h) ratios, which culminates in the range of [5.8, 6.3] at β = 0.5. Conversely, an increase in 
fundamental frequencies from the range of [8.2, 9] to the range of [8.3, 9.4] is observed when the porosity parameter 
attains a value of 0.5. Consequently, it can be deduced that the effect of the even porosity distribution is more 
pronounced and substantial when compared to the uneven porosity distribution. 
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Figure 3: The non-dimensional fundamental frequencies (
¨
ω ) of a porous (AL/AL203) plate in terms of the porosity parameter for 

various ratios (a/h), with an even porosity distribution and (m = n = 1). 
 

     

Figure 4: The non-dimensional fundamental frequencies (
¨
ω ) of a porous (AL/AL203) plate in terms of the porosity parameter for 

various ratios (a/h), with an uneven porosity distribution and (m = n = 1). 
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a) Even porosity distribution  

 
b) Uneven porosity distribution  

 
Figure 5: The effect of the porosity parameter β on the elastic modulus E for two different porosity distributions: a) even porosity and 
b) uneven porosity. 
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From the previous Figs. (3–4), the effect of porosities on frequencies is evident, which exposes the structural integrity of 
the FG plate to the risk of cracking. To enhance our understanding of the effect of porosities on the structural integrity of 
the FG plate, we study their influence on the mechanical properties (i.e., elastic modulus, mass density, and poisson's 
ratio). In Fig. 5, the effect of the porosity parameter β on the elastic modulus E of (AL/ZrO2) FGM at P = 0.2 for two 
different porosity distributions: a) even porosity and b) uneven porosity. It is clear from Fig. 5a that the elastic modulus 
reduces when the porosity parameter β varies from 0 to 0.8 (i.e., from perfect FGM to imperfect FGM). For all values of 
the porosity parameter β, the elastic modulus decreases at the top and bottom surfaces of the plate (purely ceramic and 
purely metal,     / 2z h ), but the largest decrease occurs at = 0.8, with a difference of 90 Gpa compared to the value of 
the elastic modulus of the perfect FGM (β = 0). In the case of an uneven porosity distribution (see Fig. 5b), the elastic 
modulus of imperfect FGM decreases from 70 GPa until it reaches its lowest value at z = 0, then it begins to increase 
until it reaches 200 GPa. According to the different results obtained in the fourth part, the presence of porosities inside 
the FG plate leads to a decrease in the mechanical properties and stiffness of the FG plate and thus increases its exposure 
to cracking and fracture risks. Therefore, developers must devise manufacturing methods that minimize the presence of 
porosities within the functionally graded materials. 
  

 
CONCLUSIONS 
 

urrently, plate-type functionally graded materials (FGMs) are widely utilized in various applications and industries. 
These structural components are subjected to in-plane and dynamic forces, necessitating a structural analysis of 
FG plates to accurately predict their behavior in bending, buckling, and vibration. Consequently, numerous 

studies have been conducted on the analysis of FG plates. In this regard, we have undertaken a theoretical investigation 
focused on analyzing the mechanical behavior of porous FG plates within the elastic framework. The current theory 
describes the distribution of shear stress utilizing a new hyperbolic function without the need for a shear correction factor, 
while also satisfying the zero traction boundary conditions on both the top and bottom surfaces of the porous FG plate. 
The displacement field of the quasi-three dimensional hyperbolic shear deformation theory has six variables including the 
stretching effect (   0z ). The proposed hyperbolic theory is more affluent and presents the transverse shear stress better 

than third-order, sinusoidal, and exponential shear deformation theories and thus produces better results in describing the 
mechanical behavior of FG plates. Moreover, the current hyperbolic function does not necessitate a shear correction 
factor and does not require any adaptation in the event that it is employed as a refined theory. This is due to its form, 
which is partitioned into two segments, similar to the third-order shear deformation theory. The eigenvalue problem of 
the provided high-order shear deformation theory is solved using a Navier’s solution approach. The influence of power-
law index, mode numbers, and geometry on the natural frequencies of porous FG plates is investigated using a 
comprehensive parametric analysis. Based on the entire results, it is reasonable to conclude: 

 The fundamental frequencies obtained by the provided quasi-3D hyperbolic function correspond very well with 
those obtained by 2D and 3D exact and quasi-3D results in the open literature. Throughout all of the comparison 
tests, it appears that the present theory provides excellent results for thin, thick, and moderately thick plates. 

 The existence of thickness stretching effects (  0z ) has led to slight differences between the 2D and quasi-3D 

results. Therefore, it is necessary to consider this effect to obtain highly accurate outcomes.  
 The fundamental frequencies reduce as the power-law indexes (P) and the ratios (a/b) increase, and increase as 

the ratios (a/h) decrease.  
 The presence of porosities within the FG plate reduces its mechanical properties and stiffness, making it more 

susceptible to cracking and fracture risks. As a result, it is essential to take the presence of porosities into account 
when analyzing the mechanical behavior of the FG plate. 
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APPENDIX A 
 

 The stress resultants N, M, S, and Q are defined by: 
 

            
   

h 2

-h 2
x y xy x y xyN ,N ,N = σ ,σ ,τ dz                                                                                               (A1) 

 


h 2

-h 2
z zN = g'(z)σ dz                                                                                                                            (A2) 

 

            
   

h 2

-h 2
x y xy x y xyM , M , M = σ ,σ ,τ zdz                                                                                                 (A3) 

 

            
   

h 2

-h 2
x y xy x y xyS ,S ,S = σ ,σ ,τ f(z)dz                                                                                                   (A4) 

 

            
   

h 2

-h 2
xz yz xz yzQ ,Q = τ ,τ g(z)dz                                                                                                        (A5) 

 
 The moments of inertia ij(D )  are defined as:  

 

            
 ρ

h 2
2 2 2

-h 2
iD = (z) 1,z,z ,f(z), zf(z),(f(z)) , g(z),(g(z)) dz i =1,8                                                         (A6) 
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APPENDIX B 
 

 The stiffness coefficients ( ij ij ij ij ij ij ij ij ijA ,B , V ,D ,E ,F ,G ,K ,L ) can be determined as below: 

 

   
h 2

11 12 22 33 11 12 22 44
-h 2

A , A , A , A = C ,C ,C ,C dz                                                                    (B1) 

 

          
   

h 2

11 12 22 33 11 12 22 44
-h 2

B , B , B , B = C ,C ,C ,C zdz                                                                         (B2) 

 

         
   

h 2
2

11 12 22 33 11 12 22 44
-h 2

E , E , E , E = C ,C ,C ,C z dz                                                                           (B3) 

 

           
h 2

11 12 22 33 11 12 22 44
-h 2

V , V , V , V = C ,C ,C ,C f(z)dz                                                                 (B4) 

 

          
h 2

11 12 22 33 11 12 22 44
-h 2

F , F , F , F = C ,C ,C ,C zf(z)dz                                                                           (B5) 

 

         
h 2

2
11 12 22 33 11 12 22 44

-h 2
H , H , H , H = C ,C ,C ,C (f(z)) dz                                                                    (B6) 

 

             
h 2 h 2

11 12 12 11 12 12
-h 2 -h 2

D , D = C g'(z)dz ; G ,G = C z g'(z)dz                                                          (B7) 

 

   
h 2

11 12 12
-h 2

K , K = C f(z)g'(z)dz                                                                                (B8) 

 

           
h 2 h 2

2
44 55 55 11 11

-h 2 -h 2
M , M = C (g(z)) dz ; L = C g'(z)g'(z)dz                                                          (B9) 
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